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ABSTRACT 


In  this  thesis  we  consider  the  application  of  certain  analytical 
techniques,  which  have  been  developed  in  recent  years  to  examine  various 
problems  in  magnetism  and  superconductivity  in  metals.  While  the  more 
formal  aspects  of  these  techniques  are  not  without  interest, the  emphasis 
here  is  with  regard  to  the  calculation  and  evaluation  of  experimentally 
accessible  quantities.  In  the  case  of  magnetism  it  is  shown  how  the 
real  time  quantum  field  theoretical  formulation  of  quantum  statistical 
mechanics  known  as  thermofield  dynamics  may  be  applied,  together  with 
the  Ward-Takahashi  identities,  to  evaluate  the  finite  temperature  effects 
of  the  spin  fluctuations  on  various  observable  quantities,  within  the 
itinerant  electron  model  of  ferromagnetic  metals.  Results  are  obtained 
in  both  the  ferromagnetic  and  the  paramagnetic  domains. 

The  latter  part  of  the  thesis  concerns  itself  with  a  rather  de¬ 
tailed  examination  of  the  rather  complex  and  subtle  interplay  between 
ferromagnetism  and  superconductivity  that  occurs  in  ferromagnetic  super¬ 
conductors,  such  as  the  Chevrel  and  the  RERh^B^  compounds.  A  unified 
treatment  of  the  d-f  interaction  together  with  the  electromagnetic 
interaction  is  presented  and  applied  to  the  analysis  of  the  mixed  state 
in  ErRh^B^,  together  with  a  detailed  comparison  with  some  recent  experi¬ 
mental  results.  The  method  successfully  accounts  for  the  first  order 
phase  transition  to  the  normal  state  at  H  £»  observed  experimental ly  in 
a  very  natural  way. 


v 


ACKNOWLEDGEMENTS 


In  the  course  of  my  studies  I  have  benefitted  enormously  from 
the  number  of  excellent  teachers  and  physicists  I  have  come  into  con¬ 
tact  with  over  the  last  several  years.  In  particular  I  would  like  to 
thank  Dr.  G.W.  Crabtree  of  Argonne  National  Lab,  Ill.,  Dr.  F.  Mancini 
of  the  Universita  di  Salerno,  Italy,  Dr.  G.  Kozlowski  of  the  Polish 
Academy  of  Sciences,  Dr.  H.J.  Kreuzer  of  Dalhousie  University,  N.S., 
Dr.  M.  Tachiki  of  Tohoku  University,  Japan  and  Dr.  Y.  Takahashi  of  the 
University  of  Alberta.  I  would  also  like  to  thank  Dr.  H.  Matsumoto  of 
the  University  of  Alberta  whose  patience  and  industry  has  provided  me 
not  with  only  a  good  teacher  in  the  art  of  scientific  research  but 
also  a  prolific,  if  at  times  exhausting,  collaborator. 

I  owe  however  my  greatest  debt  of  gratitude  to  my  supervisor 
Dr.  H.  Umezawa  whose  bold  vision  of  the  physical  sciences  he  has 
allowed  me  to  share  and  without  whom  I  would  be  much  the  poorer 
sci enti st . 


vi 


- 


TABLE  OF  CONTENTS 


CHAPTER  PAGE 

1  INTRODUCTION  1 

2  WARD-TAKAHASHI  IDENTITIES  AND  FINITE  TEMPERATURE  9 

FIELD  THEORY 

2.1  Field  Theory  at  Finite  Temperature  9 

2.2  Ward-Takahashi  Identities  at  Finite  27 

Temperatures 

3  FERROMAGNETIC  ITINERANT  ELECTRON  SYSTEMS  34 

3.1  Spin  Rotational  Invariance  and  Magnetism  34 

in  Metals 

3.2  The  Thermal  Excitations  of  Magnons  at  Low  48 

Temperatures 

3.3  Ward-Takahashi  Relations  and  the  Paramagnetic  67 

Susceptibil ity 

4  THE  d-f  INTERACTION  IN  FERROMAGNETIC  SUPERCONDUCTOR  86 

4.1  The  Interplay  of  Magnetism  and  Superconductivity  86 

4.2  A  Formulation  of  the  d-f  Interaction  in  Ferro-  93 

magnetic  Superconductors 

4.3  An  analysis  of  the  Mixed  State  in  ErRh^B^  131 

5  CONCLUSIONS  153 


REFERENCES 


226 


APPENDICES 

PAGE 

A. 

The  Path  Ordering  Method 

236 

B. 

Thermal  Excitation  of  Magnons  at 
An  Example 

Low  Temperature: 

242 

C. 

The  Electron  Self  Energy 

257 

D. 

Spin  Fluctuations  and  the  Surface 
in  Magnetic  Superconductors 

Impedance 

260 

vi  i  i 


- 


LIST  OF  TABLES 


Various  experimental  data  used  in  the  analysis  of 
the  mixed  state  in  ErRh^B^. 

Dimensionless  parameters  used  in  the  analysis  of 
the  mixed  state,  including  the  effect  of  the 
spin  fluctuations. 


Dimensionless  parameters  used  in  the  analysis  of 
the  mixed  state,  not  including  the  effect  of 
the  spin  fluctuations. 

Dimensionless  parameters  used  in  the  calculation 
of  the  effective  coupling  constant. 

Calculated  values  of  the  condensation  energy^ 
H|(t;h)/H^0  for  various  values  of  h(=H/<j>x£) 
and  t(=T/Tc).  The  parameters  used  are 
those  given  in  table  2. 


LIST  OF  FIGURES 


FIGURE 

1 

2 

3 

4 


5 


6 


7 

8 

9 

10 

11 

12 


PAGE 

Lowest  order  electron  self-energy  correction  172 

arising  from  the  traverse  and  longitudinal 
spin  fluctuations. 

Contour  for  the  complex  integral  contained  in  174 

the  expression  for  $. (x;y). 

The  temperature  dependent  coupling  constant  176 

g(t ;h)/g(l  ;0)  and  the  corresponding  scale 
factor  s(t;h). 

Temperature  dependence  of  the  superconducting  178 

gap  including  the  effect  of  the  spin  fluc¬ 
tuations  (solid  curve)  and  the  BCS  result 
for  comparison  (dotted  curve). 

Temperature  dependence  of  the  condensation  energy  180 
including  the  effect  of  the  spin  fluctuations 
(solid  curve)  and  the  BCS  result  (dotted  curve) 
for  comparison. 


Temperature  dependence  of  the  London  penetration 
depth  including  the  effect  of  the  spin  fluc¬ 
tuations  (solid  curve)  and  the  BCS  result 
(dotted  curve)  for  comparison. 

Temperature  dependence  of  the  gap  for  various  _ ^ 
values  of  the  reduced  internal  field  h(i  H/^). 

Temperature  dependence  of  the  field  dependent 
condensation  energy  for  various  values  of  the 
reduced  internal  field  h=  ( ) . 

Temperature  dependence  of  the  London  penetration 
depth  for  various  values  of  the  reduced  inter¬ 
nal  field  h  =  (H/^lo) * 

Field  dependence  of  the  superconducting  gap  for 
various  values  of  the  reduced  temperature. 


182 

184 

186 

188 

190 


Field  dependence  of  the  field  dependent  condensa-  192 
tion  energy  for  various  values  of  the  reduced 
temperature. 

Field  dependence  of  the  London  penetration  depth  194 

for  various  values  of  the  reduced  temperature. 


x 


FIGURE 


PAGE 


13  Schematic  illustration  of  the  magnetization  curve  196 

in  the  neighbourhood  of  H  2  for  a  type  II.  , 
superconductor .  c  1  * 

14  Schematic  illustration  of  the  magnetization  curve  198 

in  the  neighbourhood  of  H  -  for  a  type  II,  . 
superconductor. 

15  The  easy  axis  upper  and  lower  critical  fields  H  «  200 

and  Hci  calculated  using  the  parameters  given 
in  table  2  including  the  effect  of  the  spin 
fl  uctuations . 

16  The  hard  axis  upper  critical  field  calculated  202 

using  the  parameters  given  in  table  2  including 
-the  effect  of  the  spin  fluctuations. 

17  The  easy  axis  upper  and  lower  critical  fields  Hc2  204 

and  Hc]  calculated  using  the  parameters  given 
in  table  3  negl ecting  the  effect  of  the  spin 
fluctuations  (i.e.  s  =  1). 

18  The  hard  axis  upper  critical  field  H„2  calculated  206 

using  the  parameters  given  in  table  3  negl ecting 
the  effect  of  the  spin  fluctuation  ( i .  e .  s  =  1 ) . 

19  Easy  axis  magnetization  curves  for  various  values  208 

of  the  reduced  temperature  calculated  using  the 
parameters  given  in  table  2  incl uding  the  effect 
of  the  spin  fluctuations. 

20  Easy  axis  magnetization  curves  for  various  values  of  210 

the  reduced  temperature  calculated  using  the 
parameters  given  in  table  3  negl ecti ng  the  effect 
of  the  spin  fluctuations. 

21  The  jump  in  the  magnetization  at  Hc] ,  AMj.  212 

22  The  jump  in  the  magnetization  at  H  £»  AMjj  214 

23  The  contour  C  employed  in  the  path  ordering  method,  216 

described  in  Appendix,  to  generate  the  real  time 
finite  temperature  Green's  functions. 

24  Diagramatic  contributions  to  the  vertices  r^..  and  218 

r+M  used  to  obtain  the  expressions  given  in  Eqs. 

(B  3a)  and  (B.3b). 

25  Geometry  near  the  surface  for  calculation  of  surface  220 

impedance  in  Appendix  D. 


xi 


FIGURE 


PAGE 

26  Penetration  depth  X(io)  for  ErRh^B^.  222 

27  Penetration  depth  x(u>)  for  ErQ  gHoQ  j-Rh^B^. 


224 


CHAPTER  1 


INTRODUCTION 

In  this  work  we  examine  certain  theoretical  aspects  of  magnetism 
and  superconductivity  in  metals.  The  two  main  areas  of  investigation 
concern  firstly,  the  role  of  the  spin  fluctuations  in  determining  the 
finite  temperature  properties  of  metallic  ferromagnetic  systems,  based 
on  the  itinerant  electron  model,  in  both  the  ferromagnetic  and  paramag¬ 
netic  domains.  Secondly,  the  formulation  and  application  of  a  unified 
theory  for  ferromagnetic  superconductors,  which  considers  both  the 
electromagnetic  and  exchange  coupling  between  the  superconducting  cur¬ 
rent  and  the  magnetic  ions.  In  both  areas  much  of  the  theoretical  con¬ 
tent  is  based  on  analytical  methods  which  have  been  developed  within 
the  last  decade  or  so.  In  the  case  of  the  metallic  ferromagnets  vir¬ 
tually  the  entire  analysis  relies  on  the  technique  in  real  time  quantum 

statistical  mechanics  referred  to  as  Thermo  Field  Dynamics  (TFD).  The 

fl  21 

TFD  formalism,  developed  in  the  early  seventies  *  ,  has  the  advantage 

that  nearly  all  the  devices  of  conventional  zero  temperature  field 
theory  can  be  generalized  to  the  case  of  finite  temperature.  This  fact 
of  the  TFD  formalism  allows  us  to  investigate,  among  other  things,  the 
important  role  played  by  the  Ward-Takahashi identities  (W-T  iden¬ 
tities)  in  determining  the  temperature  dependence  of  various  quantities 
in  itinerant  electron  ferromagnets.  In  the  case  of  the  magnetic  super¬ 
conductors  the  work  presented  here  is  based  largely  on  the  approach  to 
the  electromagnetic  properties  of  superconductors  pioneered  by  Umezawa 
andkhis  collaborators,  known  as  the  boson  method^ .  This  method, 
based  on  certain  structural  aspects  concerning  the  operator  realization 
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of  Quantum  Electro  Dynamics  (QED)  in  which  the  phase  symmetry  of  the 
electron  fields  is  spontaneously  broken,  has  seen  widespread  applica¬ 
tion  with  regard  to  the  magnetic  properties  of  both  magnetic  and  non¬ 
magnetic  superconductors^. 

While  the  formal  aspects  of  TFD  and  the  boson  method  are  of  con¬ 
siderable  interest,  and  will  be  touched  on  in  subsequent  chapters,  the 
content  of  this  thesis  concerns  itself  mainly  with  the  applicative 
aspects  of  these  techniques  and  how  they  may  be  used  to  obtain  experi¬ 
mentally  relevant  results  and  procedures.  In  the  case  of  the  itinerant 
electron  ferromagnetic  system  the  TFD  formalism  is  used  to  construct  a 
low  temperature  expansion  in  which  the  various  terms  appearing  in  the 
expansion  may  be  expressed  in  terms  of  certain  vertices  calculated  at 
zero  temperature.  The  practical  nature  of  this  expansion  scheme  is 
demonstrated  by  the  calculation  of  the  temperature  dependence  of  various 
measurable  quantities,  arising  from  the  thermal  excitation  of  the 
magnons,  using  only  the  symmetry  requirements  of  the  W-T  identities. 

The  role  of  the  W-T  identities  in  ferromagnetic  itinerant  electron  sys¬ 
tems  are  further  explored,  within  the  context  of  the  TFD  formalism,  in 
the  paramagnetic  region.  Here  it  is  shown  how  they  may  be  used  to 
obtain  an  exact  expression  for  the  static  transverse  susceptibility, 
including  vertex  corrections,  in  terms  of  the  electron  self  energy.  The 
resultant  expression  is  used  to  examine  corrections  to  the  Random  Phase 
Approximation  (RPA)  arising  from  spin  fluctuations  in  the  local  contact 

interaction  model,  and  a  rather  elegant  and  systematic  derivation  of 

r  s  i 

earlier  work  (the  Paramagnon  Approximation1  J  and  the  Self  Consis- 

[91 

tent  Renormalization1-  J  (SCR)  scheme)  is  presented.  Such  corrections 
are  known  to  be  of  crucial  importance  in  the  analysis  of  the  magnetic 
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properties  of  He L  J  and  a  class  of  materials  known  as  weak  itinerant 
[91 

ferromagnets  . 

Similarly  the  work  pertaining  to  the  ferromagnetic  superconduc¬ 
tors,  concerns  itself  largely  with  the  application  of  the  boson  method 
rather  than  the  more  formal,  though  by  no  means  trivial  aspects,  sur¬ 
rounding  the  rather  subtle  interplay  between  the  diamagnetic  nature  of 
the  persistent  current  and  the  ferromagnetic  nature  of  the  magnetic 
ions.  Indeed  the  formalism  presented  here  was  developed  in  order  to 
provide  a  precise  and  realistic  analysis  of  the  recently  reported^ 
measurements  concerning  the  magnetic  properties  of  single  crystal 
ErRh^B^.  The  application  of  the  formalism  to  the  analysis  of  the  mixed 
state  in  ErRh^B^  successfully  accounts  for  many  of  the  peculiar  proper¬ 
ties  of  these  results. 

The  plan  of  the  thesis  is  as  follows.  In  Chapter  2,  we  deal 
with  some  theoretical  prel iminaries .  Section  2.1  contains  a  brief 
outline  of  the  history  of  real  time  methods  in  Quantum  Statistical 
Mechanics,  some  of  the  problems  that  have  been  encountered  and  to  what 
extent  they  have  been  overcome.  This  is  followed  by  a  fairly  detailed 
discussion  of  the  TFD  formalism  which,  it  is  hoped,  will  provide  the 
reader  with  some  insight  into  the  underlying  principles  together  with 
the  various  technical  and  computational  devices  available.  The  reason 
for  such  a  detailed  treatment  is  twofold.  First  of  all,  since  the 
TFD  formalism  is  central  to  much  of  the  work  presented  in  this  thesis, 
it  is  worthwhile  to  consider  the  formalism  in  some  depth.  Secondly, 
while  the  TFD  formalism  is  finding  an  increasing  number  of  important 
applications  in  both  relativistic  field  theory  and  non-rel ati vistic 
many  body  theory,  the  method  does  not,  as  yet,  enjoy  widespread 
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application.  Indeed  some  of  the  calculations  presented  here  were 
amongst  some  of  the  earlier  applications  of  the  technique. 

In  Section  2.2  a  discussion  of  what  have  come  to  be  known  as 
Ward-Takahashi  (W-T)  identities  is  provided.  In  particular,  it  is 
shown  how  the  canonical  nature  of  the  TFD  formalism  provides  for  an 
extremely  straightforward  extension  of  the  identities  to  finite  tem¬ 
perature.  Particular  emphasis  is  given  to  the  case  of  spontaneously 
broken  symmetry  and  how  the  arguments  should  be  modified  to  take  into 
account  the  features  peculiar  to  this  situation.  This  discussion 
provides  us  with  not  only  a  number  of  exact  relations,  which  will 
prove  to  be  extremely  useful,  but  also  provides  the  conceptual  under¬ 
pinnings  for  much  of  our  subsequent  discussion  of  the  ferromagnetic 
and  superconducting  states,  both  of  which  correspond  to  states  with 
spontaneously  broken  symmetry. 

Chapter  3  begins  with  a  brief  review  of  the  various  theoretical 
approaches  to  ferromagnetism  in  metals  and  the  distinction  between  the 
localized  model  and  the  itinerant  model  in  Section  3.1.  It  is  shown 
that  while  the  itinerant  model  has  had  remarkable  success  in  the  deter¬ 
mination  of  the  ground  state  properties  of  many  ferromagnetic  metals, in¬ 
cluding  the  familiar  3d  transition  metals,  it  has  so  far  failed  to  account 
for  a  wide  range  of  the  finite  temperature  properties.  It  is  argued  that 
this  failure  must  be  regarded  as  a  result  of  the  approximation  schemes 
used  rather  than  the  basic  model  itself.  We  close  Section  3.1  with  a 
derivation  of  the  W-T  relations  arising  out  of  the  assumed  spin  rota¬ 
tional  invariance  of  the  system.  It  is  shown  how  the  ferromagnetic 
state  is  to  be  regarded  as  one  in  which  the  spin  rotational  invariance 
is  spontaneously  broken  and  how  Goldstone's  theorem  is  satisfied  through 
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the  appearance  of  the  magnon  excitations  in  the  transverse  susceptibi- 
1  ity. 

In  Sections  3.2  and  3.3  we  consider  the  importance  to  various 
observable  quantities  of  the  effects  arising  from  the  spin  fluctuations 
and  how  they  can  be  calculated  in  ferromagnetic  itinerant  electron 
systems.  Particular  emphasis  is  given  to  the  important  role  played  by 
the  W-T  relations.  Section  3.2,  for  instance,  considers  the  effect  on 
the  low  temperature  properties  of  such  systems  arising  from  the  thermal 
excitation  of  the  magnon  modes.  It  is  shown  how  an  expression  for  the 
contribution  from  the  thermal  magnon  density  may  be  obtained  in  terms 
of  certain  zero  temperature  vertices  following  a  low  temperature  expan¬ 
sion.  An  important  aspect  of  this  work  is  the  result  that  the  leading 
thermal  contribution  arising  from  the  magnon  modes  may  be  computed 

entirely  on  the  basis  of  symmetry  by  means  of  the  W-T  relations.  From 

3/2 

this  it  is  shown  how  the  celebrated  Bloch  T  for  the  magnetization, 
together  with  the  result  that  the  magnon  corrections  to  the  magnon 
excitation  spectra  is  of  order  T5^2,  may  be  obtained  in  an  entirely 
model -independent  fashion  and  as  such  should  be  regarded  as  a  strict 
requirement  of  the  spin  rotational  invariance. 

In  Section  3.3  the  W-T  relations  are  used  to  obtain  an  expression 

for  the  static  transverse  susceptibility  in  terms  of  the  electron  self 

energy  together  with  the  response  of  the  system  to  some  small  symmetry 

breaking  terms.  The  result  is  used  to  obtain  an  expression  for  the 

corrections  to  the  RPA  arising  from  the  spin  fluctuations  and  it  is 

shown  what  approximations  are  required  in  order  to  obtain  the  results 

Fs  91 

of  earlier  work1  ’  .  The  analysis  is  interesting  from  two  points  of 

view.  First  of  all  it  provides  a  rather  elegant  and  systematic 
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derivation  of  previous  approximation  schemes  and  secondly  it  provides 
a  basis  from  which  one  may  consider  higher  order  corrections  as  well 
as  a  unified  treatment  of  both  the  ferromagnetic  and  paramagnetic 
domai ns . 

In  Chapter  4  we  turn  our  attention  to  the  analysis  of  the  mag¬ 
netic  superconductors.  In  Section  4.1  a  brief  review  of  the  recent 

experimental  and  theoretical  developments,  following  the  discovery  of 

n 2  i3i 

the  rare  earth  ternary  superconductors'-  *  J  in  the  late  seventies  is 

given.  Due  to  the  relative  weakness  of  the  d-f  interaction,  much  of 

the  qualitative  nature  of  these  materials  may  be  understood  purely  in 

terms  of  the  electromagnetic  interaction  between  the  persistent  current 

and  the  rare  earth  ions.  Perhaps  the  most  important  phenomenon  arising 

from  the  electromagnetic  interaction  is  the  screening  of  the  magnetic 

n  4i 

moments  by  the  persistent  current1-  .  This  can  be  shown  theoretically 
and  gives  rise  to  the  existence  of  a  narrow  co-existent  region  just  above 
the  re-entrant  temperature  Tc  ^14, 15, 16, 17, 18]^  Furthermore  the 

appearance  of  the  co-existence  phase  below  ,  the  co-existence  tem¬ 
perature,  is  accompanied  by  the  existence  of  an  ordering  of  the  rare 

earth  spins,  with  a  relatively  long  wavelength  modul ation^ 4 6 

!"1  9  2  0 1 

Both  the  screening  of  the  rare  earth  spinsL  *  J  and  the  existence  of 

f2i  22  23  24  251 

a  modulated  spin  phase1  *  *  *  *  J  above  the  re-entrant  temperature 

have  been  confirmed  experimentally.  While  these  results  illustrate  the 
important  role  played  by  the  electromagnetic  interaction  certain  fea¬ 
tures  of  these  compounds  do  require  a  unified  treatment  of  both  the  d-f 
and  the  electromagnetic  interaction.  This  is  particularly  true  of  the 
recent  measurements  on  the  magnetic  properties  of  single  crystal 
ErRh^B^0,1  ^ .  Such  a  formulation  of  ferromagnetic  superconductors 


M 
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is  presented  in  Section  4.2.  In  this  the  pair  breaking  effects  induced 
through  the  d-f  interaction  are  considered  together  with  the  electro¬ 
magnetic  interaction.  The  pair  breaking  effects  considered  include  the 
Zeeman  splitting  of  the  electron  spins  due  to  the  effective  field  of 
the  rare  earth  ions  together  with  the  scattering  of  the  electrons  by 
the  localized  spin  fluctuations.  It  will  be  shown  how  the  effect  of 
the  scattering  by  the  localized  spin  fluctuations  can  be  realized,  in 
the  calculation  of  the  various  superconducting  quantities,  by  means  of 
a  simple  scaling  law,  following  the  definition  of  an  effective  coupling 
constant.  An  analysis  of  the  Meissner  state  properties  including  the 
effect  of  the  spin  fluctuations  is  given.  The  treatment  of  the  elec¬ 
tromagnetic  field  and  the  persistent  current  is  based  on  the  boson 
method  mentioned  earlier,  however  since  the  method  is  widely  reported 
in  the  literature  on  both  non-magnetic^  and  magnetic^ 

superconductors  a  brief  outline  will  suffice  in  the  present  context. 

In  Section  4.3  the  formalism  presented  in  Section  4.2  is  applied 
to  the  analysis  of  the  mixed  state  in  ErRh^B^.  This  includes  a  detailed 
comparison  with  the  single  crystal  measurements  alluded  to  previous¬ 
ly^'"^.  q00(j  agreement  with  the  observed  upper  and  lower  critical 

field  curves  is  obtained.  Furthermore  the  magnetization  curves  show 
the  appearance  of  a  first  order  transition  to  the  normal  state  at  H  2 
at  low  temperature.  This  is  consistent  with  both  the  measured  magneti¬ 
zation  curves^  ^  which  show  a  first  order  transition  to  the  normal 
state  at  HC2  and  with  previous  theoretical  work  which  indicates  that 
the  slope  of  the  magnetization  curve  becomes  infinite  at  HC2  for  some 
temperature  T  >T  2^’^-  Unlike  the  earlier  analysi s ^ ,  the 
work  reported  here  is  able  to  treat  the  entire  temperature  domain,  above 


. 


the  co-existence  temperature  T 


in  an  entirely  consistent  fashion. 


P  ’ 

Chapter  5  comprises  some  concluding  remarks  together  with  a 
discussion  regarding  possible  extensions  of  this  work. 

We  close  this  introductory  chapter  with  a  brief  summary  of  the 
main  results  contained  in  this  work. 

1)  In  the  case  of  ferromagnetic  itinerant  electron  systems  the 

leading  order  contribution  arising  from  the  thermal  excitation  of  the 

magnon  modes  may  be  computed  at  low  temperatures ,  solely  on  the  basis 

of  symmetry,  in  an  exact  and  model  independent  fashion.  In  particular, 
3/2 

the  Bloch  T  law  is  recovered  and  it  is  shown  that  the  leading  cor- 

5/2 

rection  to  the  magnon  spectra  is  of  order  T  . 

2)  By  means  of  certain  response  identities,  generated  from  the  W-T 
relations,  an  exact  expression  for  corrections  to  the  RPA  paramagnetic 
susceptibility,  due  to  the  spin  fluctuations,  is  obtained  and  a  number 
of  earlier  procedures  (the  Paramagnon  Approximation  and  the  SCR  method) 
are  recovered  in  a  particularly  straightforward  fashion. 

3)  The  formulation  of  the  boson  method  in  superconductivity  is 
extended  to  include  the  pair  breaking  effects  arising  from  the  d-f 
interaction. 

4)  The  magnetic  properties  of  ErRh^B^  are  analyzed  over  the  entire 
temperature  range,  above  T^  the  co-existence  temperature,  including  the 
region  where  the  transition  to  the  normal  state  at  W  ^  is  first  order. 
Good  agreement  with  the  recently  reported  measurements  on  single  crystal 
ErRh^B^  is  obtained.  This  is  the  first  time,  to  our  knowledge,  that 
the  magnetization  curve  with  a  first  order  transition  to  the  normal 
state  at  H ^  has  been  calculated  theoretical ly .  Previous  theoretical 
work  on  this  problem  has  been  limited  to  the  temperature  domain  in  which 
the  transition  is  second  order. 


as^ 


CHAPTER  2 


WARD-TAKAHASHI  IDENTITIES  AND  FINITE  TEMPERATURE  FIELD  THEORY 

2.1  Field  Theory  at  Finite  Temperature 

In  this  section  I  wish  to  outline  recent  developments  in  the 
application  of  the  techniques  of  Quantum  Field  Theory  to  problems  in 
statistical  mechanics.  The  use  of  Green's  function  techniques  in 

f31  “I 

statistical  mechanics  has  largely  been  through  the  Matsubara  method1-  . 
This  method  involves  the  use  of  imaginary  times  in  the  interval  0  to 
-iB  and  provides  a  very  powerful  means  whereby  the  Feynman  graph 
technique  in  perturbation  theory  may  be  applied,  suitably  modified,  to 
compute  various  thermodynamic  quantities.  The  method  however  suffers 
from  a  number  of  inherent  limitations.  The  use  of  imaginary  time 
restricts  the  use  of  the  technique  to  the  computation  of  static  quan¬ 
tities  although  certain  dynamical  information  may  be  obtained  if  one 
is  willing  to  perform  a  tedious  analytical  continuation  from  imaginary 
to  real  time.  Also  the  computation  of  the  various  diagrammatic  contri¬ 
butions  involves  a  complicated  summation  over  discrete  frequencies, 
making  the  computation  of  diagrams  with  overlapping  diagrams  extreme¬ 
ly  difficult  to  calculate  even  approximately.  Furthermore  this  summa¬ 
tion  over  discrete  frequencies  mixes  both  the  time  and  temperature 
effects  making  it  difficult  to  identify  effects  arising  from  the  ther¬ 
mal  excitation  of  quanta.  It  is  also  important  to  note  that  the  tech¬ 
nique  is  limited  to  the  treatment  of  equilibrium  situations. 

While  many  ingenious  tricks  have  been  developed  to  overcome  some 
of  the  above-mentioned  shortcomings,  the  analytical  continuation,  men¬ 
tioned  earlier,  allows  one  to  calculate  certain  dynamical  quantities 
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while  simple  deviations  from  equilibrium  may  be  treated  by  means  of 
linear  response  theory,  the  method  is  nevertheless  cumbersome  when 
applied  to  dynamical  problems  and  when  one  wishes  to  examine  the  low 
temperature  behaviour  of  physical  systems. 

Many  of  the  limitations  of  the  imaginary  method  in  the  calcula¬ 
tion  of  real  time  Green's  functions  may  be  seen  in  the  later  work  of 

r  32 1 

Kadanoff  and  Baym  J  who,  following  some  earlier  work  of  Martin  and 
[33*1 

Schwinger  J  used  the  imaginary  time  method  to  compute  real  time 
Green's  functions  at  finite  temperature  using  the  procedures  outlined 

[341 

by  Baym  and  Mermin  .  While  this  work  serves  to  demonstrate  the 
importance  of  the  real  time  finite  temperature  Green's  functions,  par¬ 
ticularly  in  the  analysis  of  transport  properties,  the  use  of  the 
imaginary  time  procedure  limits  the  authors  to  rather  simple  approxima¬ 
tion  procedures  (e.g.  Generalized  Hartree  Fock,  Random  Phase  Approxima¬ 
tion,  First  Born  Approximation). 

The  development  of  a  systematic  computational  scheme  for  the 
evaluation  of  real  time  finite  temperature  was  later  provided  for  in 
the  work  of  Mills^’36],  -jn  the  case  0f  equilibrium  systems  and  inde¬ 
pendently  by  Keldysh and  Craig^J  for  non-equilibrium  systems.  The 
procedure,  often  referred  to  as  the  path  ordering  method,  allows  for 
the  systematic  evaluation  of  real  time,  finite  temperature  Green's  func¬ 
tions  in  perturbation  theory  using  the  Feynman  diagram  technique. 
Significantly  the  path  ordering  method  while  formulated  in  terms  of 
path  in  the  complex  time  domain  may  be  realized  as  a  completely  real 
time  theory  through  the  correct  choice  of  contour. 

In  order  to  appreciate  the  significance  of  subsequent  develop¬ 
ments  it  is  important  to  realize  the  distinction  between  a  theory  of 


11 


Green's  functions,  which  involves  purely  the  spatial  and  temporal 
development  of  expectation  values  of  the  quantum  field  operators, and 
the  full  quantum  field  theory, invol ving  the  construction  of  the  appro¬ 
priate  Hilbert  space  and  the  realization  of  the  operators  in  that  space. 
While  in  principle  the  construction  of  the  quantum  field  theory  from 
the  Green's  functions  is  in  fact  possible,  provided  that  the  Green's 

[391 

functions  satisfy  certain  axioms  ,  such  a  task  is  by  no  means  trivial. 
One  may  pose  the  question; given  that  one  can  compute  the  various  Finite 
Temperature  many  point  Green's  functions, is  it  possible  to  reconstruct 
from  them  an  operator  realization  of  the  original  field  theory?  Turn- 

n  21 

ing  the  problem  around  a  number  of  authors1-  ’  J  did  in  fact  construct  a 
representation  of  the  Heisenberg  operators  in  the  canonical  formalism 
in  which  the  resultant  Green's  functions  are  the  thermodynamic  averages 
of  the  time  ordered  operator  products.  The  formalism  known  as  Thermo 
Field  Dynamics  (TFD)  involves  a  doubling  of  the  operator  degrees  of 
freedom  through  the  introduction  of  the  so-called  tilde  fields.  The 
importance  of  this  development  is  that  it  allows  many  of  the  devices  of 
conventional  zero  temperature  field  theory  to  be  extended,  in  a  parti¬ 
cularly  straightforward  manner,  to  problems  at  finite  temperature.  A 
particularly  elegant  presentation  of  the  TFD  formation  together  with  an 
analysis  of  the  analytical  properties  of  the  single  particle  propagator 
was  presented  by  Matsumoto^^  through  the  introduction  of  the  so-called 
thermo-doublet  (~  ).  An  interesting  aside  on  the  TFD  formalism  was 
presented  by  Schmutz^^  who,  using  the  so-called  superoperator  formalism, 
has  shown  that  the  TFD  formalism  is  in  fact  a  particular  case  of  a  much 
wider  class  of  real  time  finite  temperature  theories.  However  it  was 
not  realized  in  this  work  that  the  TFD  formalism  is  unique,  in  that  it 
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is  the  only  member  of  this  class  of  theories  in  which  the  Hamiltonian 
is  sel f  adjoint. 

A  number  of  recent  papers  serve  to  illustrate  the  close  relation 

f 42  4 3 "I 

between  the  various  approaches.  Matsumoto  et  al  *  J  have  examined 

the  relation  between  the  path  ordering  method  of  Mills » 36]  ancj 

structure  of  the  Feynman  rules  in  thermo-field  dynamics.  Niemi  and 

r  441 

Semenoff  J  have  constructed  the  generating  functionals  for  the  therm- 
dynamic  average  of  time  ordered  products  in  Minkowski  space  using  the 
path  ordering  method  of  Mills^*^].  resultant  generating  func¬ 

tional  is  equivalent  to  that  obtained  previously  by  Semenoff  and 

[451 

Umezawa  J  from  TFD.  The  effective  potential  calculated  by  Niemi  and 
Semenoff  agrees  with  the  earlier  result  of  Dolan  and  Jackiw^^  in  the 
one  loop  approximation.  Ojima^^  on  the  other  hand  has  shown  the  equi¬ 
valence  of  the  TFD  formalism  with  the  so-called  C*  algebra  approaches 
developed  by  Haag,  Hugenholtz  and  Winnick^^. 

It  is  therefore  the  case  that  there  now  exists  a  well  established 
procedure  for  the  evaluation,  in  real  time,  of  various  field  theoretic 
quantities  at  finite  temperature  in  a  wide  enough  variety  of  approaches 
and  styles  to  satisfy  the  tastes  and  prejudices  of  all  but  the  most 
demanding  of  physicists.  In  fact,  these  recent  developments  mean  that 
virtually  all  the  devices  of  conventional  zero  temperature  field  theory, 
the  Feynman  Diagram  technique,  the  spectral  representation ,  the  LSZ 
formalism,  the  Ward-Takahashi  identities,  and  so  on,  may  be  generalized 
to  finite  temperature.  Furthermore  the  practical  utility  of  the  real 
time  method  has  been  demonstrated  for  a  number  of  problems  in  both. 

[49  sol  [7 1 

relativistic  *  J  and  non-relativistic  quantum  field  theory  at 
finite  temperature.  Indeed  much  of  the  content  of  this  thesis  concerns 
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itself  with  an  application  of  these  techniques  to  consider  a  variety  of 
problems  in  magnetism  and  superconductivi ty. 

In  what  follows  we  will  restrict  our  attention  to  problems  in 
equilibrium  statistical  mechanics  and  the  TFD  formalism.  Since  this 
formalism  is  not  as  widely  utilized  in  the  literature  as  say  the 
Matsubara  method,  I  will  briefly  describe  the  method  and  discuss  the 
derivation  of  the  Feynman  rules.  The  approach  I  will  follow  is  based 
on  the  operator  realization  of  TFD  presented  in  ref.  [7],  In  order  to 

provide  a  degree  of  completeness  I  have  also  briefly  outlined  the  path 

T 36 1  431 

ordering  method  of  Mills1  ,  as  presented  by  Matsumoto  et  al L  ’  ,in 

Appendix  A  and  give  a  brief  discussion  of  the  relation  between  the  two 

approaches . 

To  make  our  considerations  specific  we  consider  an  interacting 
system  of  bose  or  fermi  particles  whose  dynamics  we  assume  may  be  des¬ 
cribed  in  terms  of  certain  Heisenberg  field  operators  (x)}  and  their 
conjugate  momenta  {n.. (x)}  obtained  from  the  Lagrangian  in  the  usual  way 


ni(x) 


(2.1) 


The  equation  of  motion  for  the  fields  and  their  conjugate  momenta  is 
obtained  from 


dip .  (x) 

— ^ —  =  Dj>(x)  ,  H] 


(2.2) 


and 

an.(x) 

i  — =  [n.  (x) ,  H]  , 
where H  is  the  Hamiltonian  given  by 


(2.3) 


[  I  n .(xU.(x)  -  «£(x)]  d 
i  1  1 


3-> 

x 


H 


(2.4) 


■ 


■ 


and  the  fields  obey  the  usual  canonical  commutation  (anti  commutation) 
rel ations 
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[iPi  (x)anj(x‘  )]±6(t-f  )  =  is(x-x')6. 


(2.5) 


We  then  pose  the  question  is  it  possible  to  construct  an  operator 
representation  of  the  Heisenberg  fields  in  terms  of  certain  free  fields 
in  a  Hilbert  space  which  contains  some  state  |b>  such  that  the  thermal 
average  of  an  operator  product  may  be  realized  as  an  expectation  value 


To  this  end  we  regard  | $>  as  a  thermal  vacuum  which  reflects  the  pre¬ 
sence  of  the  thermally  excited  quanta.  In  distinction  to  the  zero 
temperature  vacuum  (or  ground  state),  energy  may  be  absorbed  in  two 
ways:  it  can  be  absorbed  by  the  excitation  of  an  additional  quanta  in 
momentum  state  It  or  by  the  annihilation  of  a  thermally  excited  hole 
(unoccupied  states  lying  below  the  fermi  energy)  in  momentum  state  k. 
These  processes  are  denoted  by  the  physical  creation  and  annihilation 
operators  a?(it;e)  and  a. (£;e)  respectively.  These  operators  obey  the 
usual  canonical  commutation  (anti-commutation )  relations 


(2.8) 


(2.9) 


with  all  other  operators  commuting  (anti-commuting)  and  such  that  both 
a.  (k;$)  and  5. ( k ; 3 )  annihilate  the  thermal  vacuum  | 3> 


a.j(l<;$)|e>  =  o1(t;3)|B>  =  0 


(2.10) 


. 


I  "I 
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They  also  satisfy  the  following  tilde  conjugation  laws^ 


ca.  ( k ; 3 )  =  c  a..(k;e) 


Cat ( k ; 3 )  =  6*5..  ff;e) 


/it 


o^(k;g)a.(k;g)  =  a.. (k;g)a.(k;g) 


and 


a(k;g)  =  p  r  a(k;g) 


(2.11) 

(2.12) 

(2.13) 


(2.14) 


where  c  is  any  imaginary  C-number  and  Pp=l  (-1)  for  the  case  of  bose 

/ 

(fermi)  quanta.  From  the  spectrum  of  the  various  elementary  excitations, 
which  we  have  distinguished  by  the  index  i,  we  can  construct  a  set  of 
local  free  fields  (4>n(x)}  which  comprise  linear  combinations  of  both  the 
tilde  and  non-tilde  fields.  While  the  detailed  nature  of  the  relation¬ 
ship  between  the  free  fields  {^n>  and  the  physical  creation  and  annihi¬ 
lation  operators  depends  on  the  spectrum  of  the  excitations,  together 
with  the  requirements  of  locality  and  causality,  contained  in  the  canon¬ 
ical  commutation  (anti-commutation)  relations,  the  degree  of  mixing 
between  the  tilde  and  non-tilde  fields  will  be  determined  by  the  re¬ 
quirement  that  the  density  of  the  elementary  excitations  is  that  obtained 
by  the  condition  of  thermal  equilibrium,  i.e. 


<6|<|>t(x)<j>(x)  |e>  = 


1 


d3k  _ 

( 2tt ) 3  exp  u  (ic)  ±  1 


(2.15) 


The  plus  (minus)  sign  in  Eq.  (2.15)  refers  to  fermi  (bose)  quanta  and 
ton(k)  corresponds  to  the  energy  spectrum  of  the  <j>  field. 

In  order  to  illustrate  the  relation  between  the  physical  quanta 
and  the  free  fields  <j>  (x),  we  consider  the  example  in  which  the  physical 
quanta  consist  of  fermionic  excitations  with  energy  spectrum  e (It) . 


. 
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Denoting  the  physical  creation  operator  of  the  positive  energy  quanta 
(particle  states)  by  a  (k;$)  and  those  of  the  negative  energy  states 
(hole  states)  by  $  (k ; 3 )  together  with  the  corresponding  tilde  fields, 
which  we  denote  as  5  (k;6)  and  3  (k ; 3 ) ,  we  show  how  the  free  fermion 
4>(x)  may  be  constructed.  Writing 


<f>'x) 


--d  {a(t)e[e(]<)]  +  b+(t)e[-e(i<)]exp{-ie(l<)t  +  ilt-x} 

J  (2tt) 


(2.16) 


where  0 [x]  =  1  for  x>0  and  e[x]  =  0  for  x<0,  we  see  that  <f>(x)  and  its 
complex  conjugate  <j>  (x)  are  fields  which  satisfy  a  free  field  equation 

{i  -  e(-iv)}  *(x)  =  0  (2.17) 

and 

{-i  £  -  e(+iV)}*+(x)  =  0  (2.18) 

and  which  satisfy  the  usual  equal  time  anti -commutation  relation 


[cf)t(x),(f)(x' )]+  5 (t-t 1  )  =  54(x-x')  (2.19) 

provided  the  operator  a(k);  b(k)  and  their  complex  conjugate  a  (k); 

4» 

b  (k)  satisfy  the  algebra 


[a(it),a+(lc')]+  =  stf-i?')  (2.20) 

and 

[b(t),b+(.l<')]+  =  6(t-P)  (2.21) 


with  all  other  operators  anti-commuting.  We  now  express  the  operator 
a(k)  (b(k)) as  a  linear  combination  of  the  physical  creation  and  annihila¬ 
tion  operators  a(lc;6)  and  af(i<;3)  ( 3 (Tt;0 )  and  3f(k;3)  ).  Noting  that 
both  the  operators  a(k)  and  a(k;S),  together  with  a(k;3),  satisfy  the 
equal  time  anti-commutation  relation,  they  must  be  related  through  a 
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canonical  transformation.  Thus  we  have  that 

a(£)  =  cos  0£a(lt;3)  +  sin  af(t;3)  (2.22) 

while 

b(£)  =  cos  v3(lt;3)+  sin  n.  3+(1<;3)  .  (2.23) 

k  If 

It  thus  remains  to  determine  the  transformation  functions  cos  and 
cos  from  the  requirement  of  Eq.  (2.15)  we  find  that 

cos  ek  =  A  -  f[e(i?)]  (2.24) 

and 

cos  nk  =  /l  -  f[-e(l<)]  (2.25) 

where  f(x)  denotes  the  fermi  distribution  function 

f(x)  =  .  (2.26) 

ex  +  1 

Other  examples  of  how  the  physical  creation  and  annihilation 
may  be  used  to  construct  free  fields  in  thermal  equilibrium  with  a  heat 
bath  are  provided  in  ref.  [7],  In  all  of  these  examples  the  canonical 
transformation  given  by  Eqs.  (2.22)  and  (2.23)  and  the  corresponding 
transformation  for  bose  fields  plays  a  central  role. 

The  finite  temperature  realization  of  the  Heisenberg  field  oper¬ 
ators  is  therefore  achieved  by  constructing  a  mapping  (often  referred 
to  as  the  dynamical  map)  between  the  Heisenberg  field  operators  and 
some  set  of  free  fields  constructed  out  of  appropriate  combinations  of 
the  tilde  and  non-tilde  fields  such  that  equations  of  motion,  Eqs.  (2.2) 
and  (2.3),  for  the  Heisenberg  fields  are  satisfied.  The  thermal  average 
of  products  of  the  Heisenberg  fields  may  then  be  expressed  in  terms  of 
expectation  values  with  respect  to  the  thermal  vacuum  exactly  as 
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required  by  Eq.  (2.7). 

Before  going  on  to  demonstrate  how  the  above  ideas  may  be  trans¬ 
lated  into  a  computational  scheme,  a  number  of  comments  are  in  order. 
First  of  all  in  the  above  discussion  it  is  nowhere  apparent  how  ele¬ 
mentary  excitations  and  the  corresponding  free  fields  are  determined 
a  priori.  This  situation  is  by  no  means  peculiar  to  the  finite  temper¬ 
ature  case;  even  at  zero  temperature,  there  is  no  systematic  prescrip¬ 
tion  whereby  the  nature  of  the  physical  fields  (the  interpolating 
fields  for  example)  may  be  determined  a  priori.  The  presence  of  a  com¬ 
posite  particle  (bound  state)  or  the  appearance  of  a  spontaneously 
broken  symmetry  can  give  rise  to  a  very  rich  structure  in  the  spectrum 
of  the  elementary  excitations,  which  is  by  no  means  apparent  from  the 
dynamics  of  the  original  Heisenberg  fields.  A  second  and  not  unrelated 
question  is,  given  that  one  constructs  a  particular  representation  in 
which  the  Heisenberg  fields  are  expressed  in  the  correct  fashion  in 
terms  of  certain  local  free  fields,  is  there  any  assurance  that  this 
representation  is  unique?  Such  a  situation  could  arise  for  example  if 
the  free  energy  of  the  system  contained  certain  local  minima  in  addition 
to  the  global  minima.  Obviously  the  presence  of  such  metastable  states 
cannot  be  ruled  out  in  the  case  of  particularly  complex  theories.  These 
comments  highlight  an  important  distinction  between  quantum  mechanics, 
in  which  all  representations  of  the  theory  are  unitarily  equivalent, 
and  quantum  many  body  theory,  in  which  different  representations  of  the 
Heisenberg  operators  can  be  constructed  which  are  not  unitarily  equi¬ 
valent.  This  manifests  itself  in  the  wide  variety  of,  often  quite 
unexpected,  phases  that  can  arise  in  many  body  theory. 


' 
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Returning  to  more  practical  concerns  we  note  that  the  rules  for 
tilde  conjugate  presented  in  Eqs.  (2.11+2.14)  allow  us  to  define,  for 
each  of  the  free  fields  <f>n(x),  the  tilde  conjugate  fields  $  (x)  and 
hence  corresponding  to  any  Heisenberg  operator  Ou[x;<j>],  we  can  cons- 
truct  the  corresponding  thermal  tilde  field  0^[x;<)>]  as 

0H[x;<f>]  =  0*[x;J]  .  (2.27) 

The  definition  of  the  thermal  tilde  fields  means  that,  corresponding  to 
any  Heisenberg  field  operator  0^[x;<f>],  we  can  define  the  thermal  doub- 
let[4°] 


f°i  1 
< 

»  =  - 

r  _  \ 

°H 

V 

°H 

^  H  ; 

ot 

^  H  ; 

(2.28) 


The  introduction  of  the  thermal  doublet  introduces  a  considerable 
elegance  into  the  TFD  formalism  and  as  we  shall  see  it  provides  a  useful 
computational  device.  Particularly  it  serves  to  emphasize  the  fact  that 
a  finite  temperature  realization  of  the  Heisenberg  fields  requires  a 
doubling  of  the  field  degrees  of  freedom  since  at  finite  temperature 
every  field  i|j(x)  is  replaced  by  the  correspond!' ng  thermal  doublet  \pa(x) 
(a  =  1,2) 


'  ^  (x) 

r  \ 

$ 

,  =  ■ 

> 

.  /(x)  . 

7+ 

l  ^  J 

(2.29) 


the  dynamics  of  which  may  be  obtained  from  the  canonical  equations  of 
motion,  Eqs.  (2.2)  and  (2.3) 
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i  ^“(x)  =  [*“,H] 


(2.30) 


and  i  n“(x)  *  [n?  ,  H]  (2.31) 

A 

where  H  is  given  by 

H  =  J  eaHa  (2.32) 

3 

with  =  H,  =  H  and  =  1  ,  =  -1 .  The  doublet  fields  now  satisfy 

the  commutation  (anti -commutation)  relation 

[^(x)a,n?(x')]  6(t-f)  =  16  <54  (x-x 1  )  6  •  •  (p  n  )a  s  (2.33) 

1  J  ±  aB  1J  A 


where  =  +1  for  fermions  and  =  -1  for  bosons. 

Thus  the  introduction  of  the  thermal  vacuum  | s>  together  with 
the  physical  creation  and  annihilation  operators  and  the  construction 
of  the  tilde  fields  means  that  virtually  all  the  ingredients  present  in 
the  conventional  zero  temperature  field  theory  have  their  counterpart 
in  the  TFD  formalism.  The  practical  consequence  of  this  is  that  vir¬ 
tually  all  the  cal culational  techniques  and  devices  of  conventional 
field  theory  may  be  extended  to  finite  temperature.  Of  particular  in¬ 
terest  is  the  generalization  to  finite  temperature  of  the  many  particle 
Green's  functions 


0^1  •  •  •  Ct  ,  St  •  •  •  S_ 

.  l  c  n  I  m  /  i  \ 

G •  j  •  •  •  (x-.x«...x  |y.j... y  ) 

1 1 1 2 *  * ' 1  n  ’^1  ’  ‘  *^m  ^  ^  ^ 


=  <S  T[i/j.  (x,)...^.(x  )n.  (y,)...n.m(y  )  |  S> 
‘  1 1  '  nn  n  Jl  1  Jm  m 


(2.34) 


At  zero  temperature,  expressions  such  as  Eq.  (2.34)  are  evalua¬ 
ted  in  the  interaction  representation.  The  derivation  is  presented  in 
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several  books  in  field  theory  and  many  body  theoryL  ’  *  J  and  may  be 


extended  to  finite  temperature  with  only  minor  modifications. 

Separat- 

ing  the  Hamiltonian  into  a  free  and  an  interacting  part 


AAA 

H  =  H  +  Hj 

we  define  the  operators  in  the  interaction  representation  as 

iH  t  -iH  t 

*“(x)  =  e  0  *“(x,t=0)e  0 

(2.35) 

These  operators  satisfy  a  free  field  equation,  which  may  be  obtained 

A 

from  the  Hamiltonian  H  and  the  usual  commutation  (anti-commutation) 

o 

rel ations : 


i  It  *j(x)  *  [*i(x).H0] 

(2.36) 

i£n“(x)  -  [n“(x),Ho] 

(2.37) 

and 

6(t-t')[^(x)/(x')]  =  is^sU-x'  )(pA)a 

(2.38) 

The  fields  in  the  interaction  representation  are  then  related  to  the 

A 

Heisenberg  fields  through  the  evolution  operator  U(t;t  ) 


*“(x)  *  U(0,t)*“(x)U(t;0) 

(2.39) 

A 

where  U(t;t  )  is  given  by 

*  iH  t  -i H ( t-t  )  — i Ht 

U(t;tQ)  =  e  0  e  °e  °. 

(2.40) 

The  evolution  operator  may  be  computed  perturbati vely  in  the  usual  way 
to  give 


' 
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U(t;t  )  =  l 
n 


Lzll 

n! 


t 

dt  T[H ' (t, ) . . . H ' ( t  )] 
n  I  I  I  n 


=  T[exp  - 


t 

o 


(2.41) 


where  H|(t)  is  simply  ) ;iij (t )] .  Since  the  fields  in  the  inter¬ 

action  representation  are  free  fields  we  may  construct  the  physical 
creation  and  annihilation  a-(l<;3)  and  ot ^ (1< ; e )  together  with  their 
Hermitean  conjugates  aj(k;3)  and  ct ^ ( k ; 3 )  in  the  interaction  representa¬ 
tion  by  means  of  the  canonical  transformation  described  previously. 

From  these  we  define  the  state  |$>j 

aI(ic;e)|e>I  =  Sj  (1< ;  3 )  |  3>  j  =  0  (2.42) 


from  which  the  thermal  vacuum  |e>  may  be  constructed  by  means  of  the 
finite  temperature  generalization  of  Gell-Mann  Low  result 


U  (0 ;-«*»)  |  e>T 

1  im  1 6>  =  - - -  ,  (2.43) 

e->0  t<b|U  (0;-“>)|s>t 

i  e  '  i 


where  e  denotes  the  adiabatic  switching  parameter.  Equations  (2.39), 
(2.41)  and  (2.43)  may  then  be  combined  to  give  the  result,  quoted  in 
ref.  [40] 


“l  an  B1 

I<elT[4'Iii  (x1)  — ^Iin(xn)nIj1 


j<B|T[ s  ] I 3>J 


(2.44) 


where 
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S  =  exp  - 


+oo 


—  00 


H|U“(t);n“(t))dt 


(2.45) 


Equation  (2.44)  together  with  the  Wick  ordering  theorem  may  be  combined 
in  the  usual  way  to  permit  the  many  particle  Green's  functions  to  be 
evaluated  in  the  usual  way,  by  means  of  the  Feynman  diagram 
method^  .  While  the  contribution  to  each  order  in 

the  perturbation  series  will  have  the  same  topological  and  diagramatic 
structure  as  the  corresponding  zero  temperature  contribution,  there  will 
be  two  important  differences.  First  of  all  the  interaction  term  is 
given  by 

Hj[*[(t);nj(t)+]  =  H^jUhnjttn-Hj^Tthnjtt)]  ,  (2.46) 

which  means  that  in  addition  to  the  vertices  for  the  ^j(x)  fields  there 
will  appear  a  corresponding  vertex  for  the  tilde  field  ^(x)  which  will 
appear  with  a  relative  minus  sign.  It  should  be  noted  that  the  struc- 

~  I  . 

ture  of  Hj  is  such  that  no  mixing  of  the  tilde  and  non-tilde  fields 
occurs  at  the  vertex.  The  second  difference  arises  from  the  fact  that 
the  normal  ordering  procedure,  used  in  the  evaluation  of  the  various 
perturbative  contributions  to  Eq.  (2.44),  should  be  with  respect  to  the 
physical  creation  and  annihilation  operators,  aj(l<;e),  ot j (lt;3 )  and 
a j ( k;s) ,  a j ( k ; 3 ) ,  the  normal  ordering  does  produce  a  mixing  of  the 
fields  ^j(x)  and  the  tilde  fields  ij(x)  since  the  resulting  propagator 
has  a  matrix  structure  with  non-zero  off  diagonal  components.  For  exam¬ 
ple  in  the  case  where  the  fields  ipj  in  the  interaction  representation 
obey  a  simple  Schrodinger  equation 


-  e ( - i v ) }  *“(x)  =  0  . 


(2.47) 


* 
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Then  the  internal  line  appearing  in  Feynman  diagram  corresponding  to 
the  fields  4>j(x)  will  be  given  by 


SaB(x-y)  =  I<B|T[^(x)^(y)T]|6>I 


(2.48) 


(  2tt  ) 


d4kei[e(l<)t-l<.x]  (k  )[k  -e(|t)+i6T]"V(k  )  (2.49) 

r  0  0  r  0 


in  the  case  of  fermions  and 


(2*) 


d4ke-1[£(it)t-it.x]^(ko)T[ko.e(?)+1{T]-1  Ug(|g  (2.50) 


in  the  case  of  bosons  where 


W 


/I  -  f(k0) 


and 


W 


v  -  W 


/W 


/f(y 


/I  -  f(k0) 


/r^rry 


(2.51) 


(2.52) 


with 


fB(ko)  ek 


1 


(2.53) 


e  u  -  1 

Similar  results  hold  for  other  types  of  fields  (e.g.  phonons  etc.). 

Thus  the  Green's  function  of  Eq.  (2.34)  may  be  computed  pertur- 
batively  in  the  interaction  representation  in  real  time  by  means  of  the 
Feynman  diagram  method.  The  Feynman  rules  which  one  obtains  for  a  par¬ 
ticular  theory  will  be  similar  to  those  of  the  zero  temperature  theory. 


' 


. 


25 


However,  due  to  the  two  component  nature  of  the  fields  at  finite  tem¬ 
perature,  the  propagators  corresponding  to  the  internal  lines  have  the 
matrix  structure  given  by  Eq.  (2.51)  in  the  case  of  fermi  particles  and 
Eq.  (2.52)  in  the  case  of  bose  particles.  A  similar  result  may  be  ob¬ 


tained  by  means  of  the  path  ordering  method  of  Mills^^  a  brief  des¬ 


cription  of  which  is  presented  in  Appendix  A. 

The  close  formal  resemblance  between  the  diagramnatic  contribu¬ 
tions  that  one  obtains  in  TFD  and  the  analogous  contribution  at  zero 
temperature  proves  very  useful,  since  it  allows  one  to  generate  from 
the  various  terms  in  the  perturbation  expansion  a  low  temperature  expan¬ 
sion  of  the  various  dynamical  and  static  physical  quantities.  This 
procedure  will  be  elaborated  on  in  Section  3  together  with  its  appli¬ 
cation  to  itinerant  electron  ferromagnetism. 

In  addition  to  the  extension  of  the  Feynman  diagram  technique  to 
finite  temperature  a  number  of  other  devices,  familiar  from  conventional 
zero  temperature  field  theory,  may  be  generalized  to  finite  temperature 
in  a  particularly  straightforward  manner.  For  example,  it  is  straight¬ 
forward  to  show  that  the  two  particle  propagator  may  be  written  in  the 
spectral  representation  as^^ 


G“6(x-y)  =  <B|T[*a(x)/(y)+]|6> 


(2tt;  ' 


(2.54) 


with 


(2.55) 


in  the  case  of  fermions  and 


Ga^(k)  =  doo  p (k;oo)Ug( kQ ) t [kQ- co  +i6x]  ^  Ug(kQ) 


(2.56) 


■ 


jt 
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in  the  case  of  bosons,  where  p (1c ; oj )  is  a  positive  definite  quantity 
usually  referred  to  as  the  spectral  function.  The  formal  similarity 
between  the  two  particle  Green's  function,  expressed  in  Eqs .  (2.55)  and 
(2.56)  and  the  free  particle  propagator  of  Eqs.  (2.48)  and  (2.49), 
allows  us  to  extend  to  finite  temperature  the  observation  at  zero  tem¬ 
perature  that  the  two  particle  Green's  function  may  be  written  a  linear 
superposition  of  free  particle  propagators  of  energy  co. 

Another  useful  device  of  zero  temperature  field  theory  which  may 
be  extended  to  finite  temperature  by  means  of  TFD  in  the  so-called 
Lehman-Symanzik-Zimerman  (LSZ)  formula  for  the  S  matrix  in  terms  of  the 
interpolating  fields.  This  allows  for  various  scattering  processes  to 
be  evaluated  at  finite  temperature  in  terms  of  the  time  ordered  Green's 
functions  of  Eq.  (2.34).  Denoting  the  asymptotic  fields  by  <j>“(x)  and 
the  corresponding  interpolating  field  cf>a(x)  such  that 

lim  <j>a(x)  *  Z-'"(-iv)*»  ,  (2.57) 

t->-°°  0 

where  Eq.  (2.57)  is  to  be  interpreted  in  the  sense  of  a  weak  relation. 
Then  we  obtain 


S 


<6 1 TU®1  (x, ) . .  ,/n(xn  (y, )+. .  .*m(ym)+]  I  B> 

Cx(-?J)^1{y1)t...x(-^)^"(y1D)]:  . 


(2.58) 


where  the  asymptotic  fields  are  assumed  to  satisfy  the  equation  of 


motion 


- 


. 
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X(3x)*“Cx)  =  0  (2.59) 

and  the  canonical  equal  time  commutation  (anti-commutation)  relations 

C4>“(x),<(»®(x'  )  =  «4(x-x')SaB(pA)“  .  (2.60) 

Yet  another  computational  device  of  the  conventional  zero  tem¬ 
perature  formalism  which  may  be  extended  to  finite  temperature  in  a 
very  straightforward  manner  are  the  so-called  Ward-Takahashi^-3,4-^  rela¬ 
tions  whose  importance  to  situations  involving  spontaneously  broken 
symmetry  has  long  been  recognized.  These  are  discussed  in  some  detail 
in  the  next  section. 

2.2  Ward-Takahashi  Identities  at  Finite  Temperature 

Of  considerable  importance  in  the  study  of  quantum  fields  are 

the  identities  generated  by  means  of  certain  continuous  transformations 

of  the  Heisenberg  fields.  These  identities  were  first  obtained  pertur- 

batively  for  the  zero  momentum  limit  of  the  electron  photon  vertex  in 

F3l 

quantum  el ectrodynamics  by  Ward  .  The  corresponding  finite  momentum 
identity,  obtained  by  means  of  the  Heisenberg  equation  of  motion,  was 
presented  by  Takahashi  J  and  is  generally  referred  to  as  the  Ward- 
Takahashi  (W-T)  relation  in  quantum  el ectrodyanmics .  Subsequently, 
however,  the  term  W-T  relation  has  come  to  be  used  in  a  much  wider 
sense,  and  now  is  used  to  refer  to  any  relation  generated  through  a 
transformation  of  the  Heisenberg  fields. 

The  W-T  relations  have  found  a  number  of  important  applications 
in  particle  physics  low  energy  pion-pion  scattering  and  the  PCAS 

f54“| 

hypothesis  ,  the  K-lepton  decays  and  the  so-called  Callen  Treiman 
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relations1-  the  infrared  problem  in  quantum  el ectrodynamics  and 

r  57  "j 

the  dynamical  rearrangement  theory  J  being  some  of  the  more  notable 

examples.  The  W-T  relations  have  also  found  important  application  in 

many  areas  of  non-relativistic  many  body  theory;  recent  examples  may  be 

found  in  studies  related  to  the  density  of  states  close  to  the  mobility 

edge  in  disordered  metals1  ,  the  analysis  of  amplitude  modes  in  the 

[591 

superconducting  charge  density  wave  compound  NbSe^  ,  the  quantum 
theory  of  crystal  s^^ ,  superfl uidity^  as  well  as  to  problems 

related  to  the  ferromagnetic^»64»65,66]  and  paramagnetic^7-^  proper¬ 
ties  of  metallic  ferromagnets . 

Many  of  the  topics  outlined  above  manifest  what  is  often  referred 
to  as  spontaneously  broken  symmetry  and  it  is  here  that  the  W-T  rela¬ 
tions  play  an  essential  role  in  several  respects.  First  of  all  they  may 
be  used  to  obtain  certain  exact  results,  Goldstone's  theorem  and  the  low 
energy  theorems  regarding  the  scattering  of  pions,  magnons,  phonons,  etc. 
are  examples  of  this.  Secondly  they  provide  us  with  various  relations 
between  the  many  point  Green's  functions  and  their  corresponding  ver¬ 
tices  which  must  be  satisfied  in  any  approximate  calculation  if  one 
wishes  to  assure  the  self  consistency  of  the  calculation. 

The  W-T  relations  may  be  understood  within  the  context  of  con- 
ventional  field  theory  as  an  expression  of  Noether's  theorem1  ’  . 

Denoting  the  Heisenberg  fields  by  ip.  (x)  Noether's  theorem  states  that 
the  charge  in  the  Lagrangian  induced  by  a  continuous  transformation  of 
the  Heisenberg  fields 

ip(x)  ->  r(x')  =  *(x)  +  0 ( x )  ,  (2.61) 

x  ->  x'  =  x  +  6x 
u  u 


(2.62) 


29 


in  which  5 ip  is  a  linear  transformation  i.e. 

S^Cx)  =  A..  . (x )  ,  (2.63) 

where  the  change  induced  in  the  Lagrangian  5a(x)  is  defined  by 

d^x '  <£[\p'  (x' )  ,8^'  (x1 )]  -  d^x  £[^(x) ,3  i|»(x)]  =0  d4x  5a(x)  ,  (2.64) 

may  be  written  in  the  form  of  a  divergence  as 

S/(x)  =  V.J(X)  -  ~  J0(t)  .  (2.65a) 

In  Eq.  (2.65a)  we  have  defined  the  current  J  =  (J  ;3)  as 

y  0 

J(X)  =  6l*(x)  +  SxZ  (2.66a) 

and 

J  (x)  =  6,ip(x)  +  $xn<t  ,  (2.67a) 

O  L  0 

where  6^  denotes  the  Lie  derivative  defined  by 

6|jJ»(x)  =  Sip  (x )  -  [6^- (x )  -  6xq^(x)]  .  (2.68) 

An  entirely  analogous  result  may  be  obtained  in  TFD  and  is  given  by 

l  eaS*a(x)  =  l  ea{V-Ja(x)  -  ^  Ja(x)}  ,  (2.65b) 

a  a 

where 

3“(x)  =  l  «,*a(x)  -6xZ“  (2.66b) 

3V^a  L 

and 

j“(.x)  =  l  ^«i|»a(x)  -  Sxnia  .  (2.67b) 

a  dip 

Noting  that  n*(x)  =  dX/dip^  (x)  is  the  canonical  momentum  of  the  field 
\p(x)  we  may  construct  the  generator  of  the  transformation  Q(t)  as 


.  • 
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Q(.t)  =  d3x  l  e  J®(x) 
a  0 


(2.69) 


since 


l>“(x),Q(t)]«(t-tx)  =  is(t-tx)  «t|i“(x) 


(2.70) 


If  we  now  consider  the  following  relation  between  the  time  ordered 
products , 


d_ 
3 1 


TCQUU.1  (x-j  ). .  -^in(x  )]  =  i  i 6 ( t-t )T[>.  1  (x-j ). .  .[Q(t)  ,ijj.r(x  )]. . 
1  n  r=l  1  r 


a. 


al 


a, 


(xn)]  +  TCQCt)*^  (x1 ). .  .^-n(xn)] 


(2.71  ) 


Then  by  virtue  of  Eqs.  (2.70),  (2.69)  and  (2.68)  we  obtain  the  follow¬ 
ing  relation  from  Eq.  (2.71) 

T[Q(t)i|ii.1(x1  )...*. n(xn)]  =-l  6(t-tr)iT[i))11(x1)...[s  +ir]...i|)in(xn)] 


d3x  T[6i(x)*.1(x.)...*.n(xn)]  . 

nl  1  'n  n 


(2.72) 


The  relation  given  in  Eq.  (2.72)  is  an  operator  relation  and  may  be 
used  to  obtain  exact  relations  between  the  various  finite  temperature 
many  point  Green's  functions,  simply  by  taking  the  expectation  value 
with  respect  to  the  thermal  vacuum  |e>.  Thus  we  obtain 

<B|T[Q(t)*|(x1)...<)-“n(xn)]|e> 


Oli 


cl 


=  -I  <5 (t-t  )i<3|T[> .1(x1)...[6  */]... ^n(xn)]|B> 
r  r  ]1  1  V  \  n 


d3x<6|T[62(x)  iii.1  (x,  ).  ..i]7.n(x  )]|e> 

]1  1  \  n 


(2.73) 


For  our  purposes  it  suffices  to  consider  only  the  zero  frequency  limit 
of  Eq.  (2.73),  hence  integrating  with  respect  to  t  from  +°°  to  -«  we 


obtai n 


(  •  t 
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r  ' 1  'r  r  'n 


(2.74) 


It  can  arise  however  that  one  can  have  a  non-vanishing  expecta¬ 
tion  value 


a 


(2.75) 


<6  I  5  0^ | 3>  t  0 


even  although  the  transformation  leaves  the  Lagrangian  invariant  i.e. 


6a6(x)  =  0  . 


(2.76) 


This  situation  is  referred  to  as  spontaneously  broken  symmetry  (SBS). 
Obviously  Eqs.  (2.75)  and  (2.76)  appear  to  contradict  the  result  of 
Eq.  (2.74)  implying  that  in  the  case  of  spontaneously  broken  symmetry 
the  preceding  argument  is  at  fault.  Indeed  what  one  finds  is  that  the 

A 

generator  of  the  transformation  Q  of  Eq.  (2.69)  does  not  in  fact  exist 
in  the  case  of  spontaneously  broken  symmetry  and  must  instead  be  real¬ 
ized  as  the  limit  of  a  local  transformation^.  This  problem  may 
however  be  circumvented  by  introducing  an  explicit  symmetry  breaking 
term  in  the  Lagrangian 


(2.77) 


such  that 


(ScC,  =  h  6  c£Cn  ^  0 
h  SB 


(2.78) 


Now  provided  h  remains  finite  the  arguments  in  the  preceding  section 
are  correct  and  Eq.  (2.74)  now  becomes 


' 
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<B|<$o0“(y)|e>n  =  i  d  x<6  |  T[S*6h(x)  0H(y)]  1 3> 


=  ih 


d  x<3  |  T[5X-SB(x)0u(y)  |  B> 


H’ 


The  fact  that 

lim  <3|<5  0“(y)  |3>  f  0  , 

u  n  On  n 


implies  that 


lim 

h->0 


.4 

d  x< 


3|T[6^5B(x)  0“(y)][3>  * 


Z 

h 


(2.79) 

(2.80) 


(2.81) 


(2.82) 


The  result  of  Eq.  (2.82)  implies  that  Fourier  Transform  of  the  propaga¬ 
tor  <B|T[5o£“B(x)0^(y)]|B>  defined  by 


<8|T[«=t3B(x)0®(y)|e>  = 


(2*) 


A 


riq(x-y) 


F(q) 


(2.83) 


is  singular  in  the  lim  q-*0  and  lim  h->0.  In  relativistic  field  theory 
at  zero  temperature  the  singular  structure  of  F(q)  in  the  zero  momentum, 
zero  h  limit  implies  the  existence  of  certain  massless  bose  like  parti¬ 
cles  often  referred  to  as  Goldstone  particles  or  bosons.  In  the  case 
of  non-relativistic  field  theories  (and  even  relativistic  field  theories 
at  finite  temperature)  while  the  presence  of  a  singularity  in  F(q),  may 
be  realized  in  forms  other  than  particle  like  modes,  it  is  often  the 
case  that  the  appearance  of  a  spontaneously  broken  symmetry  state  is 
accompanied  by  the  appearance  of  gapless  boson  particle  like  states. 
Magnons  in  ferromagnets  and  phonons  in  crystals  provide  two  important 
examples.  The  presence  of  these  Goldstone  modes  in  systems  with  spon¬ 
taneously  broken  symmetry  gives  rise  to  a  number  of  important  experimen¬ 
tally  observable  consequences.  Since  the  Goldstone  modes  are  gapless 
they  may  be  easily  excited;  this  means  that  they  play  an  important  role 
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in  determining  the  low  temperature  properties  of  such  systems. 

Another  consequence  arising  from  the  gapless  nature  of  these  modes  is 

that  under  certain  situations  it  may  be  possible  to  locally  condense 

macroscopic  densities  of  such  boson  particles.  Many  such  local 

structures  can  be  shown  to  be  stable  for  certain  topological  and 

thermodynamic  reasons  and  give  rise  to  various  singular  structures  in 

condensed  states.  Examples  of  this  are  dislocations  in  crystal s , 

r  7 1 

vortex  structure  in  superconductors  J  and  superfluids  and  domain  walls 
in  ferromagnets . 

In  the  next  two  chapters  both  these  aspects  of  Goldstone  modes 
will  be  examined  in  particular  situations.  In  Chapter  3  we  examine  the 
role  of  magnons  in  determining  the  low  temperature  behaviour  of  various 
static  and  dynamical  quantities  in  itinerant  electron  ferromagnets . 

In  Chapter  4  we  consider  the  thermodynamical  aspects  of  vortex  struc¬ 
tures  in  magnetic  superconductors . 


- 


CHAPTER  3 


FERROMAGNETIC  ITINERANT  ELECTRON  SYSTEMS 


3.1  Spin  Rotational  Invariance  and  Magnetism  in  Metals 

Magnetism  in  metals  is  usually  considered  from  one  of  two  ex¬ 
tremes.  The  first  viewpoint  considers  the  electrons  as  localized  with 
respect  to  the  atomic  cores  of  the  magnetic  ions  comprising  the  lattice 
and  that  the  separation  between  the  ions  is  sufficiently  large  that  the 
overlap  between  the  electronic  wavefunctions  on  the  separate  lattice 
sites  is  small.  The  physical  description  of  this  localized  model  is 

commonly  given  in  terms  of  a  spin  operator  associated  with  each  of 

t  h 

the  magnetic  ions  at  the  nLn  lattice  site.  The  spin  operators  obey 
the  familiar  spin  algebra 

CSn  ( 1 )  *Sm  ( 1 )  1  =  l6nm£ijkSn(t) 
with  ?  denoting  the  vector 


(S1  s3  s3) 
'  n  »  ^n  ’  5n' 


(3.2) 


A  particularly  simple  example  of  a  Hamiltonian  used  to  describe  the 
dynamics  of  localized  spins  systems  is  the  Heisenberg  Hamiltonian  given 
by 


H  =-  l  J  S  -S 
nm  n  m 


(3.3) 


where  Jnm  denotes  the  exchange  coupling  and  arises  from  the  exchange 

interaction  between  the  overlapping  electronic  wavefunctions  on  the  n 
t  h 

and  iti  lattice  sites.  While  even  such  a  simple  model  as  that  des¬ 
cribed  by  the  Heisenberg  Hamiltonian  cannot  be  solved  exactly,  the 
solutions  one  obtains  in  the  mean  field  approximation  indicate  that 
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even  such  a  simple  model  can  give  rise  to  quite  a  wide  variety  of  mag¬ 
netically  ordered  states  ferromagnetism,  anti  ferromagnetism,  heli- 

magnetism  and  in  the  case  of  binary  alloys  ferrimagnetism  depending  on 
the  detailed  nature  of  the  lattice  and  the  form  of  the  exchange  inter¬ 
action.  Furthermore  an  analysis  of  the  paramagnetic  susceptibility 
shows  that  the  Heisenberg  model  accounts  for,  in  a  perfectly  straight¬ 
forward  manner,  the  Curie-Weiss  law  observed  in  many  materials.  Subs¬ 
tances  such  as  CrO^,  EuO,  CrTe  and  MnSb  all  provide  examples  of  metallic 
ferromagnets  whose  observed  physical  properties  are  in  accord  with  the 
mean  field  predictions  of  the  localized  model. 

Extensions  to  the  Heisenberg  model  can  be  constructed , to  account 
for  the  effect  of  the  crystal  fields  on  the  atomic  states  and  the  effect 
of  crystalline  anisotropy  for  example.  However  since  such  effects  are 
not  a  major  concern  of  this  thesis  a  detailed  discussion  of  those 
effects  is  not  given. 

The  other  viewpoint  commonly  encountered  in  the  analysis  of  the 
magnetic  properties  of  metals  is  based  on  the  assumption  that  the  elec¬ 
trons  giving  rise  to  the  magnetic  properties  are  not  localized  but  are 
best  described  in  terms  of  extended  states  rather  than  the  localized 
states  of  the  Heisenberg  model.  The  band  model  or  itinerant  model  as 
it  is  sometimes  referred  to  was  first  introduced  for  the  case  of  non¬ 
interacting  band  electrons  by  Pauli^7"^  who  considered  the  net  electron 
spin  arising  from  the  Zeeman  splitting  induced,  between  the  spin  up  and 
spin  down  electron  energies,  by  a  uniform  applied  magnetic  field.  The 
resultant  susceptibility  is  referred  to  as  the  Pauli  susceptibility  and 

is  characterized  by  a  relatively  weak  dependence  on  the  temperature  at 

[721  [73] 

low  temperatures.  Later  SlaterL  J  and  Stoner 


considered  the 


. 
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itinerant  electron  model  from  the  point  of  view  of  mean  field  theory 
and  provided  an  explanation  for  ferromagnetism  within  the  itinerant 
electron  model.  The  model,  commonly  referred  to  in  the  literature  as 
the  Stoner  model,  provides  the  well-known  Stoner  criteria  for  ferro¬ 
magnetism  in  itinerant  systems 

1  -  UN(ep)  =  0  ,  (3.4) 

where  U  denotes  the  electron-electron  interaction  arising  from  the 
Coulomb  interaction,  for  example,  while  N(ep)  denotes  the  density  of 
states  at  the  fermi  surface. 

A  treatment  of  the  ground  state  similar  in  spirit  to  that 
offered  by  the  Stoner  model  but  somewhat  more  sophisticated  is  based  on 
the  Local  Spin  Density  Functional  (LSDF)  method  of  Hohenberg,  Kohn  and 
Sham^’^.This  formalism  is  based  on  the  proof  provided  by  Hohenberg 

[741 

and  KohnL  J  that  the  ground  state  energy  of  an  itinerant  electron 
system  is  a  functional  of  the  electron  density  U[p]  where 

N 

p(r)  =  [  || 

i=l 

where  the  electron  wavefunctions  i|>.  (r)  are  obtained  from  a  Hartree- 
like  self-consistent  field  equation,  in  which  the  effective  potential  is 
expressed  as  a  functional  of  the  density  p(r).  This  formalism  allows 
one  to  consider  to  some  extent  effects  of  exchange  and  correlation 
omitted  in  the  Stoner  model.  This  formalism  has  been  relatively 
successful  in  obtaining  many  of  the  ground  state  properties  of  a  wide 
range  of  itinerant  magnets  on  the  basis  of  a  simple  band  theory  of  the 
electrons.  For  example  it  correctly  predicts  that  of  the  first  32 
elements  only  iron,  cobalt  and  nickel  provide  possible  candidates  for 


,(r) 


(3.5) 
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ferromagnetism1  J  as  well  as  providing  a  very  accurate  value  for  the 
net  magnetic  moment^8 >77,78] . 

A  further  development  of  the  band  theory  model  was  the  model 

[791 

proposed  by  HubbardL  J  based  on  the  Wannier  representation  of  the 
electron  states^80-^.  The  Hubbard  Hamiltonian  is  expressed  as 


H=  I 


t .  .a .  a  .  + 
ij  la  jct 


U 


I  at  a. 
L  1 


t 


a .  a . 

la  l -a  l -a 


(3.6) 


"f* 

where  a.  and  a.  denote  the  creation  and  annihilation  operators  of  the 
1  a  1  a 

h 

Wannier  states  on  the  itn  site,  t.  .  denotes  the  hopping  of  the  electron 
from  site  i  to  j  while  UQ  represents  the  intraatomic  Coulomb  repulsion 
between  electrons  on  the  same  lattice  site  and  is  given  as 


U  = 
o 


d3?  d3  r"  <ji*(r  -  )<f>*(?'  -  t.  )V(r  -  r'  )<*>0(r'  -  t.  )<f>Q(r  -  )  (3.7) 


^  v  t  h 

where  4>  ( r  —  R . )  denotes  the  Wannier  wavefunction  on  l  n  lattice  site. 
The  Hubbard  Hamiltonian,  while  containing  much  of  the  same  physics  as 
the  Stoner  model,  gives  more  emphasis  to  the  atomic-like  character  of 
the  electrons  and  hence  is  more  applicable  to  the  case  of  narrow  band 
metals.  It  is  also  quite  strai ghtforward  to  extend  the  basic  Hubbard 
model  to  include  orbital  degeneracy.  The  Hubbard  Hamiltonian  has  been 

used  by  a  number  of  authors  to  examine  the  effect  of  strong  correla- 

..  [81] 
tions  . 


While  it  may  be  argued  that  the  band  model  provides  a  fairly 
accurate  description  of  the  ground  state  properties  of  magnetic  itiner¬ 
ant  electron  systems  the  same  cannot  be  said  for  the  finite  temperature 
behaviour.  Indeed  considerable  controversy  surrounds  many  basic  aspects 
of  band  model  ferromagnetism. 
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The  reason  for  this  state  of  affairs  may  be  appreciated  if  we 
consider  the  temperature  dependence  of  the  magnetization  in  the  context 
of  the  Stoner  model.  In  the  Stoner  model  the  reduction  in  the  magneti¬ 
zation  with  increasing  temperature,  arises  solely  from  the  thermal 
excitation  of  the  quasi-electrons  and  holes  and  no  account  is  taken  of 
the  effect  on  the  magnetization  due  to  the  transverse  and  longitudinal 
spin  fluctuations.  In  the  case  of  the  localized  model  the  importance 
of  these  excitation  modes  has  been  appreciated  for  some  time,  indeed 

Bloch1  J  pointed  out  that  the  transverse  spin  fluctuations  give  rise 
3/2 

to  a  T  temperature  dependence  in  the  low  temperature  magnetization. 

3/2 

This  result  is  commonly  referred  to  as  the  Bloch  T  law  and  is  ob¬ 
served  in  a  wide  range  of  magnetic  materials  notably  iron  and  nickel. 
This  temperature  dependence  is  not  obtained  in  the  simple  Stoner  model. 
The  fact  that  the  Stoner  model  does  not  include  the  effect  of  the  spin 
fluctuations  also  accounts  for  the  fact  that  the  value  of  the  transi¬ 
tion  temperature  Tc  is  about  5  times  larger  than  the  observed  value  for 
Fe,  Co  and  Ni .  A  similar  situation  exists  even  in  the  case  of  the  more 
rigorous  LSDF  theory,  the  value  of  T  predicted  for  the  transition 
metal  ferromagnets  is  considerably  higher  than  that  observed1  . 

Such  difficulties  persist  into  the  paramagnetic  domain  where  in 
the  case  of  the  transition  metal  ferromagnets  the  temperature  dependence 
of  the  susceptibility  is  well  described  in  terms  of  a  Curie-Weiss  law, 
suggesting  a  local  moment  model,  rather  than  a  band  model,  provides  a 
more  accurate  description  of  these  materials. 

Perhaps  even  more  puzzling  are  the  so-called  weak  itinerant 

[ 84  851 

ferromagnetics  such  as  ZrZn£  and  Sc^In  discovered  in  the  early  60s  *  J 

These  materials  exhibit  a  relatively  low  transition  temperature  26°K  in 


. 
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the  case  of  ZrZn^^6^  and  6.1  °K  in  the  case  of  Sc^In  ;  furthermore 
both  ZrZn2  and  Scln^  show  a  small  non-integer  magnetic  moment  per  tran- 

r  o  6 1 

sition  metal  atom  0.16  y B  in  the  case  of  ZrZn2L  J  and  0.25  in  the 

[871 

case  of  Scln^  L  J  both  of  which  are  strongly  field  dependent.  These 

features  can  only  be  accounted  for  in  terms  of  an  itinerant  model  and 

indeed  a  theoretical  analysis  of  the  magnetic  properties  of  ZrZn2  below 

[881 

Tc  in  terms  of  the  Stoner  model1  J  does  appear  to  account  for  certain 

of  the  observed  features.  However  observations  show  that  above  T  the 

c 

inverse  susceptibility  is  virtually  linear  with  respect  to  temperature, 
a  result  which  is  inconsistent  with  the  predictions  of  the  Stoner  model. 
A  similar  Curie-Weiss  type  temperature  dependence  is  observed  in  the 
paramagnetic  susceptibility  of  Scln^.  In  both  cases  the  effective 
moment  calculated  from  the  Curie  constant  bears  no  obvious  relation  to 
that  obtained  from  the  zero  temperature  magnetization  measurement. 

It  would  be  wrong  to  conclude  on  the  basis  of  the  preceding  dis¬ 
cussion  that  the  itinerant  model  cannot  provide  a  reliable  model  of 
ferromagnetism  in  metals  at  finite  temperature.  Indeed  the  remarkable 
success  of  the  band  model  in  analyzing  the  ground  state  properties  of 
metallic  ferromagnets  tells  us  that  the  apparent  failure  of  the  itin¬ 
erant  model  lies  not  with  the  model  itself  but  with  the  absence,  in  the 
mean  field  treatment  of  the  Stoner  model  (or  the  LSDF  formalism  for 
that  matter),  of  the  thermal  excitation  of  modes  such  as  the  transverse 
and  longitudinal  spin  fluctuations.  The  effect  of  such  modes  plays  an 
important  role  in  determining  the  finite  temperature  behaviour  of  these 
systems.  This  said  however,  to  extend  the  Stoner  or  Hubbard  model  to 
include  higher  order  corrections,  in  a  manner  which  is  consistent  with 
the  requirements  of  the  broken  spin  symmetry,  manifested  by  the  magnetic 


. 
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state,  is  by  no  means  straightforward.  Such  difficulties  extend  to  the 
paramagnetic  domain,  if  we  wish  to  obtain  a  consistent  treatment  of 
these  systems  both  above  and  below  T  .  It  is  in  this  context  that  the 
W-T  relations  and  their  application  to  finite  temperature  problems, by 
means  of  the  TFD  formal  ism, are  of  crucial  importance.  As  we  will  show 
they  can  provide  us  with  not  only  certain  exact  results  which  arise 
purely  from  considerations  of  symmetry  but  also  provide  a  great  many 
exact  relations  between  the  various  vertices.  The  W-T  relations  pro¬ 
vide  us  with  both  a  powerful  tool  and  a  useful  guide  in  constructing 
more  realistic  approximation  schemes,  than  that  afforded  us  by  the 
mean  field  treatment  of  Stoner.  We  turn  our  attention  therefore  to 
examine  the  role  of  the  spin  symmetry  in  itinerant  electron  systems  and 
obtain  the  resultant  W-T  relations. 

In  what  follows  we  assume  that  the  system  of  electrons  we  wish 
to  study  may  be  described  in  terms  of  the  Heisenberg  operators  ^f(x) 
and  xp ,  ( x ) ,  for  the  spin  up  and  spin  down  electrons  respecti vely ,  toge- 

T 

4-  + 

ther  with  their  complex  conjugates  ^f(x)  and  i^(x).  The  extension  to 
finite  temperature  is  accomplished  through  the  introduction  of  the 
corresponding  tilde  fields  in  the  manner  described  in  Section  2.1. 

These  fields  may,  for  example,  be  constructed  from  the  Bloch  states  in 
the  case  of  the  Stoner  model  or  the  Wannier  states  in  the  case  of  the 
Hubbard  model.  We  further  assume  that  the  dynamics  of  the  Heisenberg 
fields  may  be  obtained  from  some  Lagrangian^  given  by 

XU(x);^+(x)]  =*(x);/(x)]-*(x);/(x)]  ,  (3.8) 

where  jC  is  given  by  a  free  part  X,Q  and  interacting  part  which  we 
denote  as  ^  thus 
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<Z  U(x)  ;ijjt(x)]  =  o^0[ijj(x);^+(x)]  +  /I[^(x);^t(.x)]  (3.9a) 

with 

£0M  ■  t*+  If  -  *+e(-iv).)-(x)  .  (3.9b) 

In  order  to  keep  the  discussion  fairly  general  we  do  not  specify  the 
interaction  term  the  only  restriction  on  it  we  require  is  that  it 

does  not  contain  time  derivatives  of  the  electron  fields  and  that  it  is 
invariant  under  the  following  set  of  transformations: 


1. 

*?(*) 

-<(x) 

-  10K»“(X) 

(3.10a) 

+“(x) 

— +“Cx}‘ 

■  *“M 

-  ie^(x)  , 

(3.10b) 

2. 

<(x) 

— *;(x)' 

■  *?(x) 

+  e^(x) 

(3.11a) 

and 

■  <(x) 

-  e*+(x) 

(3.11b) 

3. 

<(x) 

—  <(x)' 

■  <(x) 

-  ie^“(.x) 

(3.12a) 

*“(x) 

C i  1 

— y*) 

-  *“(X)  +  10^(X)  . 

(3.12b) 

together  with  the  corresponding  transformations  for  the  conjugate 
fields. 

The  assumption  that  does  not  contain  the  derivatives  of  the 
fields  allows  us  to  construct  the  canonical  momenta  for  the  fields  ipa(x) 
as 


VJ(x)' 

a  / 

4>+(x) 

.  =  i  . 

> 

n“(x). 

y<x)+ 

Hence  we  may  write  the  Heisenberg  equations  of  motion  in  terms  of  the 


. 
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Hamiltonian  H  given  by 


HOUh^x)]  =  -  H[^;^T3 

* 

H^;^]  =  d3x[n(x)^(x)  -  <£  . 

d3x{/(x)£(-ivMx)  -  XjUCxJi^Cx)]} 


+- 


+- 


with 


(3.14) 


(3.15) 


together  with  the  equal  time  canonical  anti-commutation  relations  of 
Eq.  (2.33)  which  gives  together  with  Eq.  (3.13) 


and 


[lf“(x),*^(x' )+]+6(t-t'  )  =  SaBS(x-X') 

(3.16a) 

U“(x),^(x')+]+6(t-t')  =  6ag6(x-x'  ) 

(3.16b) 

[*“(x),^(x)+]+6(t-t')  =0  . 

(3.16c) 

Corresponding  to  each  of  the  three  transformations  given  by  Eqs. 
(3.10+3.12)  we  may  define  a  charge  Q. (t)  (i  =1,2,3)  following  Eqs 
(2.67a)  and  (2.69)  and  we  obtain  the  result  that 


^.(t)  =  Q(t)  -  Q(t)  , 


with 


Q^t)  = 


3  + 

d  x \p  (x)a^(x)  , 


(3.17) 


(3.18) 


where  a.  denote  the  Pauli  matrices 


r 

o 

f  0  -i  ' 

'  1  0 

Q 

II 

o 

;  c?2  = 

i  0 

V  > 

;  a3  = 

0  -1 

/ 

(3.19) 


A 

The  charges  Q. (t)  may  then  be  used  to  generate  the  transformations 
according  to  Eq.  (2.70) 

[^(x),Q.(t)]6(t-tx)  =  1fi(t-tx)51K»“(x) 


(3.20) 


> 

8$ ; 
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and 

b“(x),Q.(x)]6(t-tx)  =  iS(t-tx)6i^“Cx)  .  (3.21) 

It  should  be  noted  in  passing  that  the  operators  15=  (Qpl^jQj)  defined 
by  Eq.  (3.18)  may  be  shown  by  virtue  of  the  canonical  anti-commutation 
relations  to  obey  the  algebra 

[Q“(t),Qj(t)]6(t-t,)  =  i6(t-t')«ageijkQ^(t)  .  (3.22) 

The  transformations  presented  in  Eqs.  (3.10+3.12)  are  generally  referred 
to  as  rotations  in  spin  space,  the  operators  Q.  as  the  generators  of 
spin  rotation  and  the  invariance  of  the  Lagrangian  under  the  transfor¬ 
mation  as  spin  rotational  invariance. 

In  the  case  of  ferromagnetic  systems  we  have  that 

M  =  <6 | a(x) | 3>  f  0  (3.23) 

where  we  have  used  the  notation  a(x)  =  ( a..  (x)  ^(x)  ,a^(x))  with 

a.j  (x )  =  ^+(x)a^(x)  .  (3.24) 

Condition  (3.23)  implies  that  for  some  i  and  j  we  have  that 

<g|5.a.(x)|g>  =  <3 | [a.(x),Qi]|e> 

=  c.jk<B|ak(x)[B> 

f  0  .  (3.25) 

From  the  discussion  of  Section  2.2  we  see  that  the  ferromagnetic 
state  therefore  corresponds  to  the  situation  in  which  the  spin  rota¬ 
tional  invariance  of  the  system  is  spontaneously  broken.  As  was  pointed 
out  in  the  discussion  in  Section  2.2,  in  order  to  ensure  that  the 


. 


44 


generators  of  spin  rotational  invariance  are  well  defined  and  that  our 
analysis  of  the  ferromagnetic  state  is  meaningful  then  we  must  add 
a  small  symmetry  breaking  term  to  the  Lagrangian.  Vie  therefore  con¬ 
sider 

X— +  [^;^]  =  +  ha^Cx)  ,  (3o26) 

where  h  is  some  small  but  finite  constant.  The  condition  for  the  spon¬ 
taneous  breakdown  of  the  spin  rotational  invariance  and  the  existence 
of  the  ferromagnetic  state  may  then  be  expressed  as 

lim  <$|a~(x)|e>  t  0  ,  (3.27a) 

h->0  J 


lim  <3 | a, (x) | 3>  =  lim  <3|a9(x)|3>  =  0  .  (3.27b) 

h->0  1  h+0  L 

This  above  procedure  may  be  interpreted  intuitively  as  applying 
a  small  magnetic  field  along  the  z  direction,  for  T<T  the  magnetiza- 
tion  remains  finite  in  the  limit  as  h  +  0. 

The  assumption  of  spin  rotational  invariance  means  that 

=  h  5  ^  a  ^ ( X )  (3.28) 


Thus  the  W-T  relations  given  in  Eq.  (2.73)  assume  the  form 


<3|T[Qi(t)A1  '  (x-j  ) . . . An (xn ) 3  |  3> 


a 


1 


=-  l  6(t-tr)i<3|T[A11 (x1 ).. . [6A^r (xr ) 3 . - • Ann (xn ) 3 | 3> 


h  d3x<3  |T[51.ct3(x)A11  (x-|  ). .  .Ann(xn)]  |  3> 


(3.29) 


and  in  Eq.  (2.74) 


[<6|T[A11(x1)...[6Arr(xr)]...Ann(xn)]|3> 


=  ih 


d4x<6|T[6a3(x)  A^  (x]  ). .  .Ann(xn)]  |3^ 


(3.30) 


If  we  now  make  the  following  definitions 


and 


a“(x)  =  \  [a“(x)  ±  ia“(x)] 
Qjt)  =  [d3x[o  (x)  -  5.  (x) ] 


[Aa(x) ,Q±(t)]s(t-tx)  =  i6(t-tx)6±Aa(x) 


(3.31  ) 


(3.32) 


(3.33) 


then  Eq.  (3.29)  yields  the  following  relation  between  the  transverse 
spin  correlation  function  <6 |T[a“(x)a^(y)] | 3>  and  the  magnetization 

<e|a3(x) |e> 

i ^  _  a  r  ^  ■  o.m.1  jtt  a 

a 


«(tx-t  )<b|o“(x)|b>  =  d3x£  ea  {|j-+2ih}<B|T[a^(x)a“(y)]|B>  ,  (3.34) 


where  we  have  used  the  result  that 


S±a*(x) 


and 


<5±a“(x) 


=  +  2ia“(x) 


± i a3 ( X ) 


Denoti ng 


<e|a3(x)|e>  =  n 


(3.35a) 


(3.35b) 


(3.36) 


and  writing 


<B|T[a“(x)oB(y)]|B>  =  —4 

'  (2-r 


d4q  e-iq(x-y)AaB(q)  f  (3.37) 


Eq.  (3.34)  yields 


M  =  (qQ  -  2h)  l  eaAaa(q)_> 
a  q=0 


(3.38) 


' 
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The  result  of  Eq.  (3.38)  implies  that  when  the  spin  rotational 

symmetry  is  spontaneously  broken  (i.e.  limM  f  0)  then  the  transverse 

h+0 

spin  susceptibility  contains  a  zero  frequency  (again  in  the  limit  h+0) 
pole.  This  is  a  particular  example  of  the  celebrated  Goldstone 
theorem. 

Expressing  A ( q )  in  the  spectral  representation^- 7 5  ^  discussed 

in  Section  2.1  (Eq.  (2.56)) 


.  a6 


( q )  ~ 


icu  p(aj;q)UB(qo)x[qo-co  +i6t] 


-1 


W 


(3.39) 


where  the  matrices  Ug(qQ)  are  those  given  in  Eq.  (2.52),  the  result 
(3.38)  implies  that 


lim  p (q  ;q )  =  M6(q  -  2h)  .  (3.40) 

q-*0  0  0 

Goldstone' s  theorem  has  important  experimental  consequences,  in 
that  it  implies  the  existence  of  low  energy, long  wavelength, particle¬ 
like  excitations  associated  with  the  transverse  spin  susceptibility, 
below  T  .  Such  modes  are  generally  referred  to  as  magnons  and  have 
been  observed  in  a  number  of  metallic  ferromagnets  [89,90,91]^ 
Furthermore  the  fact  that  the  excitation  spectrum  of  the  magnons  is 
gapless  (for  h  =  0)  means  that  such  modes  are  easily  excited.  This 
together  with  the  manner  in  which  they  couple  to  the  electronic  degrees 
of  freedom  can,  as  we  will  show  in  the  next  section,  give  rise  to  the 
Bloch  T^  law^-J  mentioned  earlier. 

An  analogous  argument  may  be  employed  in  the  case  of  the  local¬ 
ized  model  and  the  existence  of  the  magnon  excitation  may  also  be  shown 
to  be  an  exact  requirement  of  the  spontaneously  broken  spin  rotational 
invariance^.  A  number  of  authors  have  considered  the  effect  of  such 
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modes  on  the  low  temperature  behaviour  of  the  localized  model  using  the 
Heisenberg  model ^92, 93]. 

The  W-T  relations  given  by  Eqs.  (3.29)  and  (3.30)  may  also  be 

used  to  derive  a  number  of  other  identities  which,  as  we  shall  see, 

prove  extremely  useful  in  examining  the  effect  of  the  spin  fluctuations 

in  both  the  low  temperature  ferromagnetic  domain  (T<  T  )  as  well  as  the 

c 

high  temperature  paramagnetic  domain  (T  >  T  ) .  Using  the  relation  that 


and 


Ma(x)  =-i  aV*(x) 


Ma(x)f  =  i>a(x)ta. 


we  obtain,  from  Eq.  (3.30),  that 


<3|T[^(x)^(y)t]|6>  -  <3|T[^(x)^(y)+]|6> 

=  2ih  l  eY  dz  <g  |  T[af(z  )^(x  )^(y )f]  |  3> 
Y  ^ 


:3|T[^(x)^(y)+]|3>  -  <3|TC^(x)^(y)+]|3> 


=  -  2ih  X  eY  d4z<3|T[^(x)^(y)V(z)]|3>  , 


Y 


QL  QL  QL  C X  *"f* 

<3  |  (x-|  )^f2(x2  )+a^(y)]  I  3>  -  <3  (x-j  )i|j^2(x2  )  erf  (y ) ]  |  3> 


=  -  2ih 


d4zlJ<3|T[af(z)^1(x1)^2(x2)V(y)]|3> 

Y 


and 


OL  QL  Ct  QL  *1* 

<e|T[*+1(x1)^2(x2)+o®(y)]|B>  +  <6|TC^+2(x1  )^+2(x2)  a®{y):|e> 


=  -  2  i  h 


d4z  [  eY<e|T[aY(z)4;+"*  (x-|  )i|;+2(x2)  a+(y)]|3>  • 

Y 


(3.41a) 

(3.41b) 


(3.42) 


(3.43) 


(3.44) 


(3.45) 


We  also  obtain  the  following  relation  between  the  spin  operator 
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Green's  functions 


<B|T[a“(x)o6(y)]|6>  -  2<B | T[a“(x )a?(y )] | 6> 

=  -2ihfd4z^eY<B|T[a3(z)a“{x)a®(y)]|B> 


(3.46a ) 


Y 


=  2ihfd4z  X  eY<3|T[crX(z)^(x)a§(y)]|6> 


(3.46b) 


'  Y 

and  finally 


<g|T[a+  ^x-j  ;cr3  u2;a_  U3;j|B>  +  <e  |  l  Lcr+  U-j  )o_  [*2)03  (x3^lg> 


Y 


We  close  this  section  by  restating  the  basic  assumption  under¬ 
lying  our  treatment  of  the  itinerant  electron  ferromagnets  namely  that 
the  ferromagnetic  state  in  metals  may  be  regarded  as  the  spontaneous  pol¬ 
arization  of  a  spin  rotationally  invariant  system  of  itinerant  spin  1/2 
fermions,  induced  through  the  self-interaction.  A  number  of  exact 
results  may  be  shown  to  follow  from  this  statement  by  virtue  of  the  W-T 
relations  outlined  in  Section  2.2,  most  important  of  those  is  the 
existence  of  the  low  frequency  long  wavelength  particle-like  excitations 
in  the  transverse  spin  susceptibility,  the  magnons  (Goldstone's 
theorem).  In  the  next  section  we  demonstrate  how  the  W-T  relations 
contained  in  Eqs.  (3.42-*3.46b)  to  compute  the  effect  of  the  magnons  on 
the  temperature  dependence  of  various  static  and  dynamic  quantities, 
thus  giving  flesh  to  the  somewhat  formal  bones  of  this  section. 

3.2  The  Thermal  Excitations  of  Magnons  at  Low  Temperatures 

In  the  previous  section  we  outlined  the  need  to  consider  a  more 


sophisticated  treatment  of  the  itinerant  electron  model  of  ferromagnetism 


- 


' 
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than  that  provided  by  the  simple  Stoner  theory,  if  we  wish  to  employ 
such  a  model  to  analyze  the  finite  temperature  behaviour  of  metallic 
ferromagnets .  In  this  section  we  present  a  low  temperature  expansion, 
using  the  TFD  formalism,  which  allows  us  to  express  the  finite  tempera¬ 
ture  corrections  to  various  static  and  dynamical  quantities,  arising 
from  the  thermal  excitation  of  the  magnons,  in  terms  of  vertices  cal¬ 
culated  at  zero  temperature.  It  will  then  be  demonstrated  how  by  vir¬ 
tue  of  the  W-T  relations  an  exact  expression  for  the  leading  finite 
temperature  magnon  correction  may  be  obtained,  in  an  entirely  model 
independent  fashion,  for  several  experimentally  important  quantities. 

The  reason  one  may  obtain  certain  exact  results  in  this  way  may 
be  understood  as  follows:  the  requirements  of  spin  rotational  invar¬ 
iance  not  only  require,  for  T<T  ,  the  existence  of  the  magnon  excita- 

0 

tion,  as  demonstrated  in  the  previous  section,  but  also  serves  to 
determine  many  of  its  properties  through  the  W-T  relations  given  by 
Eqs .  (3.42+3.47). 

We  begin  by  formulating  in  the  real  time  formalism  a  low  temper¬ 
ature  expansion  for  the  ferromagnetic  domain  of  an  itinerant  electron 

ferromagnet.  A  similar  expansion  has  found  several  applications  in 

[49  50  941 

finite  temperature  relativistic  field  theory  ’  ’  J  and  also  by  means 

of  the  real  time  formulation  of  statistical  mechanics.  As  outlined  in 
Section  2.1,  the  TFD  formalism  may  be  used  to  calculate  the  statistical 
average  of  any  time  ordered  product  of  the  Heisenberg  fields  in  pertur¬ 
bation  theory,  by  means  of  a  Feynman  diagram  technique,  in  a  manner 
entirely  analogous  to  that  obtained  at  zero  temperature.  Thus  we  may 

write  that 

ou  a 

<3  |  T[A-|  (x-j  ) . .  .Ann  (xn)3  |  B>  =  F(x1ar  .  .Xnan|S+,S_;A) 


(3.48) 


' 
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where  S+  denote  the  bare  electron  propagators  defined  as 

S±(p)  =  Up(po)  {pQ  -  [e(p)  +  h]  +  i6T}_1  Up(pQ)  ,  (3  =  49) 

where  e(p)  is  the  energy  spectra  of  the  bare  electrons  given  in  Eq . (3.9), 

X  denotes  the  bare  electron-electron  vertex  and  U.-(p  )  is  the  thermal 

F  o 

transformation  matrix  defined  in  Eq.  (2.51). 

The  expansion  of  the  various  many  point  Green's  functions  in 
terms  of  the  bare  vertex  and  electron  propagators  is  inappropriate, 
however,  in  the  analysis  of  the  ordered  state,  since  the  spontaneous 
polarization  of  the  fermion  spins  may  only  be  realized  if  an  infinite 
summation  of  terms  in  the  perturbation  series  is  performed.  Instead  we 
therefore  consider  the  following  quantities: 

<6|T[^x)*®(y)+]|B>  =  G“S(x-y|S+,S_u)  ,  (3.50) 

<B|T0/j“(x)  I^(y)+]|e>  =  G“S(x-y|S+,S_;x)  (3.51) 

and 

<3|T[a“(x)c^(y)]|g>  =  AaS(x-y| S+,S_;X)  .  (3.52) 

If  we  now  accumulate  all  the  self-energy  diagrams  belonging  to 
Gf,  G+  and  A,  that  appear  in  the  diagramatic  expansion  of  Eq.  (3.48), 
then  we  may  re-express  it  as 

al  an 

<6|T[A1  (x-,)-  .  -An  (xn)]|B>  =  F(x1a1  ,...Xnan|G+,G+,A;X),  (3.53) 

where  F  is  now  constructed  in  terms  of  the  reduced  graphs  comprising 
G  ,  G^  and  A  as  the  internal  lines.  The  appearance  of  the  magnon  line 
in  the  expansion  represented  by  Eq.  (3.53)  is  of  essential  importance 
since  it  is  this  function  which  will  contain  the  effect  of  the  magnon 
pol  e. 


■ 
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Defining  the  functions  G.(p),  G.(p)  and  A(q)  through  the  Fourier 

t  Y 


transforms 


sf(x-y)  =  — 4- 
+  U*)4 


\4  -ip(x-y)  «a$/  x 
d  p  e  J  G  (p)  , 


Ga6(x-y)  =  — 4r  fd4p  e-ip(x-y)G“B(p) 


(  2tt  ) 


(3.54) 


(3.55) 


and  Eq.  (3.37) 


iaB(x-y) 


(2u  )4 


A 


.iq(x-y)Aa6(q) 


(3.56) 


and  as  was  pointed  out  in  Section  2.1  G(p)  and  A(q)  may  be  written  in 
the  spectral  representation  as 


and 


G  (p)  = 

T 

s+(P)- 

A(q)  = 


d<  g  +  (K;p)Up(po)[po-  k  +  i <5t]_1  Up( PQ )  ,  (3.57) 

d<  g+(k;p)Up(pQ)[po-  <  +  isr]-1  Up(pQ )  (3.58) 

dco  p(co;q)UB(qo)x[q -w  +  l^x]"1  UB(qQ)  .  (3.59) 


The  functions  G.,  G.  and  a  depend  on  temperature  in  two  ways; 

T  Y 

first  of  all  through  the  explicit  temperature  dependence  of  the  thermal 
transformation  matrices  Up  and  UB  and  secondly  through  the  spectral 
functions  g+,  g+  and  p.  In  order  to  formulate  a  low  temperature  expan¬ 
sion  we  find  it  convenient  to  introduce  the  propagators  G"  ,  G^  and  A 
which  are  obtained  from  Glf  G,  and  A  by  replacing  the  finite  tempera- 

T  T 

ture  spectral  function  with  the  zero  temperature  spectral  function, 
thus ; 


<f(p) 

G^CP) 


d<  g°(»c;p)UF(po)[po- k  +  iit]'1  Up(.pQ)  ,  (3.60) 

g°(K;p)UF(po)[po-  <  tiSt]'1  Up{ pQ )  (3.61) 


and 
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Aup(q)=  da)  P°(a);q)UB(qo)x[qo-  a>  +  UxY  '  U^qJ 


i-l 


(3.62) 


where  g°  g°  and  p°  denote  the  spectral  functions  g  .  g,  and  p  respec- 
tively  evaluated  at  zero  temperature.  The  propagators  G\  ,  G,  and  A 

T  r 

are  related  through  the  Dyson  equation  which  is  of  the  following  form 


and 


G“B(p)  *  Gf(p)  +  [  G^Y(p)F^(p|G+;Gt;4;A)  , 

Y 

Gf(p)  =^B(p)  +  I^(p)Ff(p|Gt;G+;i;x) 

Y 

A0B(q)  =  4°6(q)  +I^(q)FlB(q|G+;G  +  ;A;X)  . 


Y 


(3.63) 

(3.64) 

(3.65) 


Since  6.,  G,  and  A  are  defined  in  such  a  way  that  the  tempera- 

T  r 

ture  dependence  only  appears  through  the  thermal  transformation  matrices 
they  may  be  expressed  as 


and 


if  (p)  =  G°(p)“e  +  6Gf  (p)  , 

if  (p)  =  G°(p)a^  +  5Gf  (p) 

^B(P)  =  A°(q)“3  +  <5A°%)  , 


(3.66) 

(3.67) 

(3.68) 


where  G°,  G°  and  A0  are  the  zero  temperature  propagators  and  are  given 

T  Y 


by 


and 


g°(p)“b  = 


G°(p)“B  = 


A°(q)aB 


d<  g°(<;p) 


dK  g°(ic;p) 


Pq-  k  +  ie  (.<  )6t 


4P0"K  +  i  E  ( K )  5t 


a3 


a3 


• 

f  > 

T 

Liu)  p  ^  u)  9  L|  J 

q  -  co  +  i  e  (co  )6x 

^  o  ' 

a3 


(3.69) 


(3.70) 


(3.71) 


While  the  terms  5G.,  6 G .  and  6A  represent  the  finite  temperature  correc- 

T  4- 


tions  and  are  given  by 
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SG“S(p) 

T 


and 


6AaB(q)  =-2*1  e(qo)pu(qo;q) 


e(p0)g°(p0;p) 


fF(iPo|)  CfF(p0)gF(p0)] 


[fF(po)gr(po>]2  -fF(lpo 


(3.72) 


0/  ->i 


VI"0D  Cf»<<U)9B(q„)] 


J<1 


B  3B  o 


Vlq0D 


(3.73) 


The  low  temperature  expansion  of  the  many  point  Green's  function  of 
Eq.  (3.53)  may  now  be  obtained  by  performing  a  functional  expansion  of 
the  function  F  in  powers  of  6A  and  5G.  Thus  we  have 

al  an 

<6|T[A1  (x1)...An  (xn)]|B>  =  F(x.|ai  *  *  *xnan|Gt;G+;A;X) 

=  "FCx-jOi-,  .  .  .Xnan|Gf  ;G+;A;X) 

=  F°(x1a1 ...x  a  |G°;G°;A°;A) 

'll  n  n1  + *  +* 


(2tt) 


d4q  l  . .  .xnan  |  q;ab|  G°;G°;A°;X)6Aab(q) 

a  b 


(2ir) 


d4P  l  ^+(x-Ia1  .  .  .Xnan|p;ab|G°;G°;A°;A)6Gab(p) 
ab  i 


(2ir)‘ 


j4P  l  v5^, ( Xi ot-j  . .  .x  aj  p;ab|G°;G°;A°;A)6Gab(p) 
ab 


(3.74) 


The  form  factors  appearing  in  the  above  expansion,  J  ,  j-  and 
have  an  obvious  diagramatic  interpretation.  The  first  term,  for  exam¬ 
ple,  simply  corresponds  to  the  sum  of  all  the  reduced  diagrams  calcula¬ 
ted  using  the  zero  temperature  propagators  and  hence  may  be  identified  as 
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F°(x1ar  ..xnan|G®;G°;A°;X)  (3.75) 

<0 1 T [A-j  ( x-j  ) . . .  AR(xn )]  1 0>  for  }  =  { 1 }  or  {2} 

=  ■ 

0  otherwise 

\ 

where  |0>  denotes  the  zero  temperature  vacuum.  In  particular  we  have 
that 

G°(x-y)aB  =  4aB<0|T[*+(x)^(y)]|0>  ,  (3.76) 

G°(x-y)aB  =  4o6<0|Th+(x)^(y)]]0>  (3.77) 

and 

&°(x-y)oB  =  6aB<0|T[a+(x)a_(y)]|0>  .  (3.78) 

The  second  term  ,  for  example,  corresponds  to  the  sum  of  all 
diagrams  with  (n+2) external  lines,  n  of  which  correspond  to  the  fields 
{ A .  (Xi ) } ;  the  remaining  two  corresponding  to  external  mag  non  lines  with 
the  magnon  propagators  removed.  The  third  (fourth)  term  ^  cor¬ 
responds  to  the  sum  of  all  the  diagrams  with  (n+2)  external  lines  n  of 
which  correspond  to  the  fields  {A. (x)},  while  the  remaining  two  corres¬ 
pond  to  external  spin-up  (-down)  electron  lines  with  the  electron  pro¬ 
pagators  removed. 

It  is  important  to  realize  that  while  the  reduced  diagrams  cons¬ 
tructed  in  terms  of  the  propagators  GT+,  G"  and  A  may  have  had  a  somewhat 
different  topological  structure  than  those  obtained  at  zero  temperature 
the  above  considerations  show  that  the  coefficients  appearing  in  the 
low  temperature  expansion  may  be  calculated  in  terms  of  the  zero  temper¬ 
ature  diagrams.  Therefore  there  is  no  need  to  calculate  any  new  dia¬ 
grams  since  any  change  in  the  topological  structure  will  be  realized 


■ 


w , 


■ 
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through  the  summation  of  the  low  temperature  expansion  given  by  Eq. 
(3.74). 


While  the  nature  of  the  above  discussion  may  appear  to  be  of  a 
rather  formal  nature  the  final  result  contained  in  Eq.  (3.74)  and  the 
diagramatic  interpretation  of  the  form  factors  has  an  obvious  intui¬ 
tive  appeal . 

In  order  to  demonstrate  the  practical  merit  of  the  low  tempera¬ 
ture  expansion  we  consider  the  correction  to  the  magnetization  arising 
from  the  thermal  excitation  of  the  magnons.  From  Eq.  (3.36)  together 
with  Eqs .  (3.50)  and  (3.51)  we  have  that 


dVsjV)  -  g”  (p)] 


(3.79) 


The  propagators  G.(p)  and  G,(p)  may  be  computed  in  the  low  temperature 

T  Y 

expansion  and  we  write 


+ 


(3.80) 


and 


G“B(p)  =  Gn-  ■"R 

T 


Vq  l  ^(p;q)fb6A(q)ab 


+ 


<%')] 


+ 


(3.81 ) 


Since  the  form  factors  J  appearing  in  Eqs.  (3.80)  and  (3.81)  are  cons¬ 
tructed  using  the  Green's  function  G°(p)a(3  which  is  diagonal  in  the 


■ 


indices  a$  and  since  the  vertices  do  not  mix  the  tilde  and  non-tilde 
fields  then  we  have  that 
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-r  OiS  _  TT 

<r  i  Qr 
a  3 


5  a5  • 
aS  a 


,  6  , 

3  a  a 


(3.82) 


Therefore  if  we  consider  Eqs.  (.3.80)  and  (.3.81)  in  the  case  a  =  3  =  1 
and,  since  it  is  the  magnon  correction  we  wish  to  calculate,  we  con¬ 
sider  only  the  contribution  arising  from  the  6A(q)  term.  Then  Eqs. 
(3.80)  and  (3.81)  reduce  to 


g"(p)  =  g°(p)+  1 


(  2  TT  ) 


dq  ^(p;q)fB(  |q0|  )p°(q0;q)c(q0)  +  . 


(3.83) 


and 


Gl] (p)  =  g!(p)  +— ^  [A  7'I(p;q)fB(|qnl)p0(q^>5)e(^)  + 


(2tt) 


(3.84) 


where  we  have  used  Eq.  (3.73).  Now  the  spectral  function  p°(qQ;q)  con¬ 
tains  both  the  magnon  pole  and  the  continuum  contribution 


p°(q0;q)  =  z°(q)  6(q0-  w°(q))  +  p°(q0iq) 


(3.85) 


which,  since  we  are  concerned  with  the  magnon  contribution,  we  appro- 

.  ,  o 

ximate  p  as 


P°(qQ;q)  “  Z°(q)6(q0  -  wg(q))  +  ...  • 

Now  from  the  result  of  Eq.  (3.40)  we  have  that 

lim  Z°(q)  =  M(T=0)  =  m 
q->0  J 

and 

lim  wpCq)  =  2h 
q+0  B 


(3.86) 


(3.87) 


(3.88) 


from  which  we  can  deduce  that 


- 
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ojg(q)  =  2h  +  Dq3  +  .... 


(3.89) 


where  D  is  referred  to  as  the  spin  wave  stiffness. 

Equations  (3.83),  (3.84)  and  (3.86)  then  lead  to  the  following 

result 


and 


g}1(p)  =  g°(p)  + 


G1+1(p)  =  G°(p)  + 


r 

d  q 

^(p;q) 

J  (2ir)^ 

r  a 

d  q 

p;q) 

J  (2tt  ) 3 

0Z°(q)fB(^(q))  +  ...  (3.90) 


0  r±y 


qo=wB 


3  ^A(p;q)  0ZB(q)fB(wB(q))+  •••  (3-91) 


VWB 


The  fact  that  the  magnon  excitation  energy  tends  to  zero  (for 
h  =  0)  in  the  long  wavelength  limit  allows  us  to  expand  the  above  ex¬ 
pression  in  terms  of  q.  Retaining  only  the  first  term  in  the  expression 
we  have 

3-> 

G"(p)“G°(p)  +  Z°(0)^(p;0)(-^-a3-  fB(  °(^))  +  ...  (3.92) 

J  (2tt) 


and 


,3+ 


G1|1(p)  =  G°(p)  +  Z°(0)5^(p;0)  [-1^3  fB(u°(^))  +  .. 

(  2tt  ) 


(3.93) 


Thus  we  find  that  the  leading  correction  to  the  electron  propagators 


G+  and  G+  is  proportional  to  the  magnon  density 


d3qfDM3)) 

D 


which  may  be  calculated  to  give 


,3-> 


3/2  0  -3/2 

’TT\  _  /O 


-5/2 


d  q  fB(wB)  =  (-jj)  ?  (j)  6  +  0(3  )  , 


(3.94) 


where  c  denotes  the  Rieman  zeta  function.  The  higher  order  terms  in 
the  low  momentum  expansion  will  be  proportional  to 

- (3+2N)/2 


d3q  ,+,2N 


j  |q|‘"  fB(^(q))  «  B 


(2tt) 


(3.95) 
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It  remains,  therefore,  to  compute  the-  form  factors  and  3-\ 

A 

From  the  discussion  of  the  previous  section  the  form  factors  and 
are  given  by  the  sum  of  all  graphs  containing  two  external  electron 
lines  and  two  magnon  lines  with  the  external  magnon  lines  removed. 

Thus  if  we  define  r,„  as 


<0 1 T[^+(x-|  )a+Cy-|  )a_(y2)^(y2)3|0>c 


’4  4  4  4 

d  Pi  d  p2d  q-|  d  q£ 


”  ^  ( Pq xi“P2x2+<^1'^1~ ^2^2 ^ 

e 


X 


5 ( Pi  +cli ^  ^1  ^ ^ tM ^1  *  ^1  *  ^2  *  ^2  ^  ^2  ^2  ^ 5  ( ^  •  96 ) 


where  the  subscript  c  means  that  we  consider  only  the  connected  diagrams, 
then  we  have 


JA(p;q)  =  7~4  G°(P>r+M(p;q;q;p)G+(p)  • 

(2tt) 

Similarly  if  we  define  the  vertex  as 


(3.97) 


;0|T[^(x-|  )a+(y-|  )a_(y2)^(x2)]  |0> 


(  2tt  ) 


’4  4  4  4 

d  p-,  d  p2d  q-j  d  q2  e 


-i(p1x1-p2x2+q1y1-q2y2) 


<5 ( Pi "*"q i - q2_ P2 ) ( Pi  ) A  (q^  )r^^( p^  ;q.|  jq2  jp2  )a  (q2)G^(p2)  (3.98) 


then  we  obtain 


^A(p;q)  =  TTf  G°(p)r+M(p;q;q;p)G°(p)  . 
(2tt) 

Thus  Eqs.  (3.92)  and  (3.93)  may  be  written  as 


(3.99) 


3-> 

g"  (p)  =  G°(p)  +  Z°(0)G+(P)  — ! —  r  (p;0;0;p)G  (p)MX  fgUjU))  +  •  •• 

(  2  TT  )  (2tt) 

(3.100) 


-• 
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and 


G].1  (p) 


G°(P)  +  Z°(0)G+(p)  — r+M(p;0;0;p)G+(p) 

C  2tt  ) 


.3+ 

d  q 

(2ir) 


3  + 


(3.101  ) 


The  behaviour  of  the  vertices  r  ^  and  are  severely  controlled 
by  the  requirements  of  spin  rotational  invariance  as  expressed  in  Eqs. 
(3.42^3.45).  From  Eqs.  (3.42)  and  (3.44)  we  obtain,  for  T  =  0,  that 


4h‘ 


,4  ,4 


d  y-|d  y2<0 1 T[^  (x-|  )a+(y^  )a_(y2)ijjf  (x2)]  |0: 


=  2ih 


dt+y2<0|T[^(x1  )^(x2)a3(y2)]|0 


-  2ih 


d4y2<0|T[n(x1  )^^(x2)a_(y2)]  |0> 


=  2  i  h 


dtfy2<0|T[^f  (x-|  )^(x2)a3(y2)]  |0 


+  <0 !  T[^  +  (Xi ) ^^ ( x2 )]  |  0>  -  <0|  T[ip^(x-j  )xp^(x2)]  I  0 


+  , 


(3.102) 


From  the  definition  of  given  by  Eq.  (3.96),  Eq.  (3.102)  yields 
lim  4h2  G°(p)A°(0)  — r+M(p;0;0;p)A°(0)Gf (p)  =  G°(p)  -  G°(p)  (3.103) 

h->0  (  2tt  ) 

and  noting  from  Eq.  (3.38)  that  in  the  limit  qQ->0  and  T ->  0 


lim  4h2  A° ( 0 )  =  M(T  =  0) 
h->0 

Thus  Eq.  (3.103)  yields 


(3.104) 


G°(p)  TTTT  r+M(p;0;0;p)G+(p)=i-  fG+(P)-G+(P)J  • 

(2tt  )  M 


'tvr/  (27T)4  ''  ’r'~fvr*  \-+vr'  + 

An  analogous  argument  based  on  Eqs.  (3.45)  and  (3.43)  yields 


G>)  7TT4  r+M(p;0;0;p)G°(p)=j2{G+(p)-^(p)}  • 

(  2  7T  )  M 


(3.105) 


(3.106) 


Substituting  Eqs.  (3.105)  and  (3.106)  together  with  (3.87)  into  Eqs. 
(3.100)  and  (3.101)  we  obtain 
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g}1  (p)  =  G°(p)  -  jj-  CG°(p)  -  G°(p)]M-93-  fB(u°(q))+  ...  (3.107) 

0  J  (2tt) 

3-> 


3-> 


g!1  (p)  =  G°(p)  -  [G°(p)  -  G°(p)]  f-^— ^3  fB(o,°(q))  +  ...  (3.108) 


M  LV^ 
0 


(2tt) 


Subtracting  Eq.  (3.107)  from  Eq.  (3.108)  and  integrating  with  respect 


to  dp  we  obtain 


r-s 


j3-> 

d  q 

(2t t) 


3  fB(cog(q))[  +  0(TJ/") 


5/2 


(3.109) 


and  on  adding  Eqs.  (3.107)  and  (3.108)  we  obtain 


N ( T )  =  N(T=0)  +  0(T5/2)  , 


(3.110) 


where  N(T)  is  defined  as 


N(T)  =  <3 1 ( x )\p (x )  |  6>  •  (3.111) 

The  correction  to  the  magnetization  in  Eq.  (3.109)  is  of  course 
3/2 

the  Bloch  T  '  term  predicted  by  the  spin  wave  theory  and  is  consistent 
with  approximate  calculations  on  the  ferromagnetism  of  itinerant  elec- 
tron  systems1  .  Equation  (3.110)  implies  that  if  we  assume  the  elec¬ 
tron  density  remains  constant  then  the  renormal ization  of  the  chemical 

5/2 

potential  is  order  T 

The  result  contained  in  Eq.  (3.109)  and  the  manner  in  which  it 

was  derived  is  of  interest  for  a  number  of  reasons.  First  of  all  it 

3/2 

demonstrates  that  the  Bloch  T  law  may  be  obtained,  in  the  case  of 
itinerant  electron  ferromagnets ,  in  an  exact  and  unambiguous  fashion 
purely  from  considerations  of  symmetry.  This  implies  that  the  Bloch 
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T  law  may  be  regarded  as  an  exact  requirement  of  the  spin  rotational 
invariance  of  the  system.  Secondly  the  derivation  illustrates  the 
practical  importance  of  the  W-T  relations  in  determining  the  effect  of 
the  magnons  on  the  low  temperature  behaviour  of  such  systems.  It  is 
important  therefore  that  any  approximation  scheme  used  in  the  analysis 
of  itinerant  electron  ferromagnets  be  consistent  with  the  W-T  relations 
if  it  is  to  properly  represent  the  low  temperature  behaviour  of  such 
systems.  In  Appendix  B  we  apply  these  considerations  to  the  particular 
case  of  a  system  of  electrons,  interacting  via  a  contact  interaction. 

The  approximations  employed,  satisfy  the  W-T  relations  of  Eqs.  (3.105) 
and  (3.106).  In  addition  to  the  T2^2  contribution  arising  from  the  mag¬ 
nons,  the  T5^2  contribution  is  calculated  explicitly  in  terms  of  certain 
band  parameters. 

A  similar  analysis  may  be  applied  to  other  experimental ly  acces¬ 
sible  quantities.  For  example  it  was  mentioned  earlier  that  the  magnon 
excitation  may  be  observed  in  neutron  scattering  experiments  and  the 

excitation  spectra  measured.  Observations  indicate  that  the  magnon 

r  9i  i 

spectra  is  relatively  insensitive  to  temperature  around  T  =  0L  J;  we 
therefore  apply  the  preceding  analysis  to  consider  the  effect  of  the 
thermally  excited  magnons  on  two  excitation  spectra  of  the  magnons. 

The  arguments  proceed  much  as  before,  in  analogy  with  Eqs.  (3. 80) 
and  (3.81 )  we  have  that 


An,  N 

A  (q)  = 


A°(q) 


(2tt) 


,4  •  „A,  ,  \cl$  ..ab,  ,  x 

d  q  crA(q;q  )ab  (q  ) 


(3.112) 


where  we  have  neglected  to  include  the  corrections  6G  which  are  of  no 
interest  to  us  in  this  discussion.  Proceeding  exactly  as  in  the 
calculation  of  the  one  electron  Green's  function  we  obtain 
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A(q)  =  A°(q)  + 

r  i3->-! 

d  q  rr& r 
—  q  J-A(q;q 

')  n 

Z°(q)fR(wn(q))  +  .... 

(q')  B  B 

(3.113) 

. 

(2tt)3  A 

q  WB 

r  j  3-> 

=  AU(q)  +  Z°(0)^(q;0) 

• 

d  q 
(  2tt  )  3 

fB(a.B(q))  +  .... 

(3.114) 

Following  the  arguments  of  the  previous  Section  3.1  we  may  identify  ^ 

as  the  sum  of  all  connected  diagrams  with  four  external  magnon  lines, 

two  of  which  are  removed.  Then  if  we  define  rMM  as 

MM 


<0|T[a+(x-j  )a+(x2)a_(y-|  )a_(y2 )]|0>( 


4  4  4  4  _1^qlxl+q2x2+q3yrq4y2^  x 

d  q-j  d  q2d  q3d  q4  e 


A  ( q i  ) A  (^^MM^l  »q2,q3,q4^A  ^q3^  ^q4^  * 


r  •  > 

i 

4 

k  (2tt  )^- 

• 

(3.115) 


we  obtain 


^(q;q‘ )  =  A°(q)  — ]—  rMM(q;q'  ;q'  ;q )a° (q ) 

(2tt) 


(3.116) 


and  hence  that 
11 


A  (q )  =  A°(q)  +  A0 (q)  — ^  rm(q;0;0;q)AO(q)Z°(0) 

(2ir) 


,3+ 


’-lj3fB(a)B(q))+  ... 


(2tt  ) 


(3.117) 


In  order  to  evaluate  the  low  momentum  behaviour  of  the  magnon- 
magnon  vertex  we  refer  to  the  W-T  relations  given  by  Eqs.  (3.46) 
and  (3.47)  from  which  we  obtain,  for  T=0, 


4h‘ 


,4  A 


d  x2d  y1<0|T[a+(x1 )a+(x2)a_(y] )a_(y2)] |0> 


=  2  i  h 

+  2ih 


4 


d  y1<0|T[a+(x1 )a3(y1 )a_(y2)] |0> 


,4 


d  y1<0|T[a+(x1 )a_(y1 )a3(y2)] |0> 
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=  2ih 


d  y-,<0|T[a+(x1  )a3(y]  )a_(y2)]  |0> 


+  2<0|T[a+(Xl)a_(y2)]|0>-  <0|T[a3(x1 )a3(y2 )]|0>.  (3.118) 

Substituting  the  expression  of  Eq.  (3.115)  into  (3.118)  we  obtain  that 

11m  A°(q)  — r  (q;0;0;q)4°(q)=-L  [A°(q)  -  2A°(q)]  ,  (3.119) 

h-*0  ( 2rr )  M 

where  we  have  defined 


:0|T[(Mo-a3(x))(Mo-a3(y))]|0>  =  -i-T 

(2tt  ) 


d4q  e_lq(x"y)  A°(q)  .  (3.120) 


Substituting  Eq.  (3.119)  into  Eq.  (3.117)  and  noting  that  A°(q)  consists 

3/2 

entirely  of  continuum  contribution  we  obtain  to  order  T  that 
An(q)  =  A°(q){l-  |f fB(u°(q))  + 

^  (2tt)  ' 


+  continuum 


(3.121 ) 


where  we  have  used  Eq.  (3.87).  It  immediately  follows  from  Eq.  (3.121) 

3/2 

that,  to  order  T  7  ,  the  magnon  energy  is  independent  of  temperature, 
while  the  wavefunction  renormalization  ZD(q)  is  given  by 

D 


ZB (q )  =  Vq)  '  M  .  j^3  Wq^  +  — 


(3.122) 


This  means  that  any  contribution  to  the  magnon  energy  spectra  arising 

5/2 

from  the  thermal  excitation  of  the  magnons  will  be  of  order  T  .  A 

F93l 

similar  result  has  been  obtained  by  Dyson  J  in  the  case  of  the 
Heisenberg  model,  although  it  can  be  shown^  that  Dyson's  result  may 
be  obtained  from  symmetry  considerations  similar  to  those  presented 
here. 

In  the  case  of  the  itinerant  electron  ferromagnetism,  however, 
calculations  regarding  the  temperature  dependence  of  the  magnon  energy 
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[95  96 1 

differ  *  ,  depending  on  the  approximation  scheme  used.  It  does 

appear  to  be  generally  accepted,  however,  that  contributions  of  order 
3/2 

T  in  the  magnon  energy  are  spurious  and  the  result  of  an  inadequate 

[ 95  gc  gyi 

approximation  scheme1  ’  ’  J;  similar  difficulties  arise  in  the 

[go“l 

Heisenberg  model1  . 

The  above  procedures  may  be  applied  to  consider  the  temperature 

dependence  of  the  electron  spectra,  however  difficulties  arise  since 

r  6  5 

calculations  show1  J  that  the  dispersive  part  of  the  electron  self¬ 
energy  correction  is  non-vanishing  even  at  zero  temperature  and  hence 
the  electron  propagator  does  not  have  a  simple  pole  structure  associated 
with  a  particle-like  excitation.  However  one  can  obtain  an  operational 
definition  of  the  electron  energy  spectra,  e+(p)  and  e  (p),  in  terms  of 
the  inverse  electron  propagator  as 

[Re  G+(p)]”1  (p)  =  0  (3.123) 

and 

[Re  G+(p)]"1=e  (p)  =  0  (3.124) 

r0  f 

while  the  wavefunction  renormalization  of  the  spin  up  and  spin  down 
electrons  may  be  defined  as 

Z+(p)  -  [^Re  G-/(p)]Po=£  +  (?)  (3.125) 

and 

Z+<?>  ■  [^Re  G'/tp)]^^)  •  (3.126) 

Such  definitions  will  be  meaningful  when  the  dispersive  part  of 
the  electron  self-energy  is  small  and  hence  the  spectral  function  of 
the  electrons  will  manifest  a  strong  particle-like  resonant  peak  in  the 
neighbourhood  of  po  =  e^(p)  in  the  case  of  the  spin  up  electrons  and 
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p  =  e .  ( p )  in  the  case  of  the  spin  down  electrons.  From  the  expressions 

O  Y 

for  Gx(p)  and  G,(p)  given  by  Eqs.  (3.107)  and  (3.108)  and  the  result 

T  Y 

that  for  A  we  expand  in  terms  of  a  as 

A  =  Aq  +  a  +  . . . .  ,  (3.127) 

we  may  expand  A~^  as 

A"1  =  A"1  +  A"1  a  A"1  +  ....  (3.128) 

0  0  0 
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fora  small,  then  we  obtain  to  order  T 


G;]{p)  -  G°(p)-n  -1  [G°(p)_1  -  G°(p)-1G°(p)G°(p)-'1] 
f  j3-> 

fB(u®(q))  +  ....  (3.129) 

(2tt) 


G^CP)  ■  G°(p)-1-l[G°(p)-1-G°(p)-1G°(p)G°(p)-1] 

f  A3* 

y^(q))  +  ....  (3.130) 

(2t r) 


This  result  may  be  obtained  in  a  somewhat  more  precise  manner  following 

T66l 

the  definition  of  the  electron  self-energyL  .  From  Eqs.  (3.129)  and 
(3.130)  we  immediately  see  that 


[Re  G+1 (P)]po=so(p)  =  0 

(3.131  ) 

[Re  G-^fp)]  o(p)-0 

(3.132) 

where  e°(p)  and  e,(p)  denote  the  electron  energy  spectra  at  zero  tern- 

t  Y 


perature  and  that 


oFRe  G+1(p) 

^  r  O 


-Ve+(p) 


•  zYp) 


,3-+ 


%  fR(wp(q) )  + - 

(2 u)3  B  B 


(3.133) 


and 
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l3f  Re  G'+1(po> 


p0=e+(p> 


■Z?(P) 


1  -  77 


— -S  fR(co°(q))  + 
(2tt  y  B  B 


(3.134) 


where  Z°  and  Z°  denote  the  zero  temperature  electron  wave  function 
renormalization  constants. 

Equations  (3.131)  and  (3.132)  yield  the  result  therefore  that  to 
3/2 

order  T  '  the  quasi-electron  spectra  are  independent  of  temperature. 
Again  this  result  appears  to  be  borne  out  by  various  approximate  calcu¬ 
lations  although  opinions  differ  as  to  the  exact  nature  of  the  cancella- 

tionL  *  ’  .  However,  while  the  energy  spectra  of  the  quasi-el ectron 

3/2 

states  is,  to  order  T  ,  independent  of  temperature  the  wavefunction 

3/2 

renormalization  constants  do  exhibit  a  T  dependence. 

To  summarize  we  have  utilized  the  real-time  formulation  of 

Statistical  Mechanics,  TFD,  to  construct  a  low  temperature  expansion 

for  the  time  ordered  Green's  functions.  The  coefficients,  or  form 

factors,  appearing  in  the  expansion  may  be  expressed  in  terms  of  the 

vertices  calculated  at  zero  temperature.  In  this  manner  we  were  able 

to  obtain  an  expression  for  the  leading  finite  temperature  magnon 

corrections  to  the  magnetization,  the  transverse  spin  susceptibility 

and  the  one  electron  Green's  function.  It  was  shown  how  the  leading 
3/2 

T  magnon  contribution  could  be  obtained  from  a  low  momentum  expansion 
and  an  explicit  evaluation  of  this  term  could  be  accomplished  by  means 
of  the  W-T  relations  outlined  in  the  previous  section. 

We  were  therefore  able  to  obtain  the  following  experimentally 
relevant  results  in  a  completely  model  indepenent  fashion: 


i)  The  Bloch  T3/2  law 


M(T)  =  M 


1  -f 

o 


.3+ 


-^3  fn(w°(q))  +  .... 
(2tt) 


(3.135) 
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ii)  The  temperature  dependent  quasi-particl e  spectrum 


and 


cog  ( q )  -  ojg  ( q )  . . . . 

=  e°(P)  +  •••• 
e+(p)  =  £°(P)  +  • • • • 


(1  .136a) 
(1  .136b) 

(1.136c) 


iii)  The  temperature  dependent  wavefunction  renormal ization  constants 

,(co°(q))  +  ....}  (3.137a) 


and 


2 

d3q 

M  , 
o  J 

(2*)3 

1 

r  j3-> 

d  q 

M 

o  J 

(2tt)3 

±_ 

d3* 

yp>  -  z°Cp)  {l  -  fB(“B(^))  +  ••••} 


(3.137b) 


VP)  =  Z^P)  j1  ’  m  ,  ?3  + - } 

^  O  J  (Ztt )  J 


(3.137c) 


where  the  dots  denote  terms  with  higher  order  temperature  dependence 
that  T3/2  (i.e.  T2,  T5/2  etc.). 

The  manner  in  which  the  above  results  were  derived  is  such  that 
they  may  be  regarded  as  exact  requirements  of  the  spin  rotational  in¬ 
variance  of  the  theory. 


3.3  Ward-Takahashi  Relations  and  the  Paramagnetic  Susceptibility 

In  this  section  we  turn  our  attention  to  the  paramagnetic  sus¬ 
ceptibility  of  itinerant  electron  ferromagnets .  The  approach  employed 
is  somewhat  novel  and  is  based  on  an  examination  of  the  response  of 
the  system  to  a  symmetry  breaking  term,  analogous  to  that  employed  in 
the  previous  Section  3.2  and  given  by  Eq.  (3.26).  Since  the  response 
of  the  system  is  severally  controlled  by  the  requirements  of  spin 
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rotational  invariance,  we  are  able  to  obtain,  by  means  of  the  W-T  rela¬ 
tions  outlined  in  Section  3.1,  an  exact  expression  for  the  static  sus¬ 
ceptibility  in  terms  of  the  electron  self-energy.  We  use  the  result  of 
this  analysis  to  consider  the  effect  of  spin  fluctuations  on  the  static 
susceptibility  and  to  show  what  approximations  are  required  in  order  to 
make  contact  with  previous  works  .  The  considerations 

of  this  section  are  based  largely  on  some  earlier  work  by  the  present 

f6  7l 

author  and  collaborators  reported  in  the  literature1  /J  but  contains 
some  minor  modifications. 

The  importance  of  the  effect  of  the  spin  fluctuations  in  the  static  sus¬ 
ceptibility  in  itinerant  spin  systems  has  been  studied  by  a  number  of  authors. 

r  8 1  3 

Beal-Monod  et  al L  J  have  considered  the  case  of  normal  He  while  other 


authors 


[9,100,101  ,102] 


have  examined  their  role  in  the  so-called  weak 


itinerant  ferromagnets  discussed  previously.  A  notable  achievement  of 
this  latter  work  is  that  it  appears  to  account  for  the  Curi e-Weiss  type 

foe  Q7l 

temperature  dependence  observed  in  these  materials1  ’  . 

The  problem  posed  is  therefore,  given  the  assumptions  outlined 
in  Section  3.1  (i.e.  that  system  may  be  described  in  terms  of  the 
Heisenberg  fields  ^(x)  and  t^(x)  together  with  their  canonical  conju¬ 
gates  ^(x)  and  J(x)  the  original  dynamics  of  which  may  be  assumed  to 

I  Y 

be  invariant  under  arbitrary  rotations  in  spin  space  etc.),  can  we 
obtain  an  expression  for  the  static  transverse  susceptibility,  for  T>T  . 
defined  as 

xaeA(h)  =  1 im  Aa^(q) 
q->0 

ct  S 

where  A  (q)  was  given  by  Eq.  (3.56)  as 


(3.138) 


- 
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<S|T[cj“(x)a8(y)]|B>  =  — 4-  fd4q  e-1q(x'y)  AaB(q) 


(2tt  ) 

We  begin  by  defining  the  electron  paramagnon  vertex 

6  g 

<B|T[a“(x)*t1(yiK2(y2)]lB>  = 


(3.139) 


[103] 


as 


f  •  > 

1 

C\J 

>(2tt)4' 

4 

r  4  4  4  -i(qx+P1y1-P2y2) 

d  P]d  P2d  qe 


/I  Otb«i  CL  b  r\  b,  b  r\ 

64(q+prp2)[6  '  6  V-A^CqJr1  2(P]  ;q;P2)]G+l  ‘(p^G/  ‘(p2) 


6ibi 


b232 


(3.140) 

where  G.  and  G,  denote  the  Fourier  transform  of  the  one  electron  Green's 

T  Y 

function  given  by  Eqs.  (3.54)  and  (3.55)  and  summation  over  repeated 
Latin  indices  is  assumed.  Noting  that 

3  o  t 


<3|T[a°‘(x)aB(y)]  I  3>  a-11m  <3 1  T[a“(x  )ip  1  (y1  2(y? )  ]|3> 

y^y-fi 

y2+y+<$ 


(3.141  ) 


we  obtain  the  following  expression  for  the  dynamical  susceptibility  in 
terms  of  the  one  electron  Green's  functions  G,  and  G,  and  the  electron 

T  Y 


paramagnon  vertex  r  as 


A“a(q)^6 


a3 


(2-it) 

/v  D 

where  D  (q)  is  given  by 


|\4  rblb2,n,£  3r3bl,  b23 

d  P  4  (p+f;q;p-t)e  (P-f'3* 


=  Da3(q) 
(3.142) 


Da6(q)  =-— L 
(2tt  ) 


dV  G“3(p-f)G3a(p^) 


(3.143) 


From  the  spectral  representation  it  is  straightforward  to  show  that  in 
the  static  limit  D  (q)  is  diagonal  with  respect  to  the  thermal  indices 
a3  and  may  be  written  as 

lim  Da3(q)  =  ta3D(h)  . 
q->0 


(3.144) 


v  ' 


■ 
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Thus  from  Eq. 


(3.142)  we  obtain  the  following  expression  for  a( h ) 


A(h)  =  D{h){  1  -  \ 


&  b,b«  h  bpb 

dp  l  2(p;0;p)ebG+  (p)G+2  (p) 

b  ,a 


-1 


(3.145) 


In  order  to  evaluate  the  low  momentum  limit  of  the  electron  para- 
magnon  vertex  r  we  make  use  of  the  W-T  relations  of  Section  3.1.  If  we 
use  the  expression  for  the  electron  paramagnon  vertex  given  by  Eq. 
(3.140)  together  with  the  result  of  Eq.  (3.42)  we  obtain  the  following 
result 


G“6(p)-Gf(p)=-2h(iab-4(h)  l  r^b(p;0;p)}G“a(p)G^(p)  (3.146) 

which  in  terms  of  the  inverse  propagators  G~^(p)  and  G~^(p)  may  be 
written  as 

{g;1  (p)  -  G”1  (p)|  =  2h  («a6-A(h)  l  r“e(p;0;p))  .  (3.147) 

a  3  9 

Thus  we  see  how  the  W-T  relations  provide  us  with  an  exact  expression 
for  the  electron  paramagnon  vertex  in  terms  of  the  inverse  electron 
propagators. 

A  somewhat  more  useful  expression  for  r,  than  that  given  by  Eq. 
(3.147),  may  be  obtained  from  the  definition  of  the  inverse  propagator 
in  terms  of  the  electron  self-energies.  Writing  the  equation  of  motion 
for  the  Heisenberg  fields  as 

(i  ^  -  e(-1V)  +  hU“(x)  =  j“[r.x]  (3.148a) 

and 

ji  JL  -  e(-iv)  -  hU“(x)  =  j“[*;x]  (3.148b) 

where  J[^;x]  is  due  to  the  effect  of  the  self-interaction  of  the  elec¬ 
trons.  As  discussed  in  Section  2  the  analytical  structure  of  the  one 


- 


•-V  ;c ' 


71 


electron  Green's  functions  in  TFD  is  such  that  it  is  possible  to  define 
a  self-energy  term  I+(+)(p)»  that  has  similar  analytical  properties  to 
the  propagator  as 


<B|T[J>;x]^(y)+]|B> 


and 


(2tt) 


d4p  e-ip(x-y)j.ag(p)GgB(p)  (3. 149a) 


<B|T[j“[*;x]^(y)+]|B>  =  — -7  [d4p  e-ip(x-y)^g(p)Gf  (p) 

(2tt)  j 


4- 


•4-  + 


(3.149b) 


The  equation  of  motion  for  the  Heisenberg  fields  (3. 148a, b)  then  yields 
the  Dyson  equation  for  the  one  electron  Green's  function 


G“B(p)  -  s“6(p)  +  S“(p)I*+u(p)  G“B(p) 
£B(p>  =  s“6(p)  +  S“a(p)lf(p)G56(p)  , 


aa / _ \ v ab,  x  «be. 


and 


(3.150a) 


(3.150b) 


/M  O 

where  the  propagators  S  P(p)  are  simply  given  by 

S+6(p)  =  Up(po)[po  -  e(p) ±  h  +  i 6tH_1  Up(P0)  ,  (3.151) 

where  Up(pQ)  is  the  fermion  thermal  transformation  matrix  defined  by 
Eq.  (2.51).  The  inverse  propagators  G~^(p)  and  G~^(p)  may  be  written 
in  terms  of  their  respective  self-energy  parts  as 


<(p>aS  -  [p0-c(P)  +  h-it(P)]aB 
g-;(P)“8  .  [p0-(P)-h-i+(P)]aB . 


(3.152a) 


(3.152b) 


As  with  the  zero  temperature  case  the  self-energy  part  has  an 

obvious  diagramatic  interpretation,  it  corresponds  to  the  summation  of 
all  the  one  electron  irreducible  contributions  to  the  one  electron 
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propagator  with  the  external  electron  lines  removed. 

It  is  important  to  appreciate  that  the  definition  of  the  inverse 
propagator  and  its  expression  in  terms  of  the  self-energy  together  with 
the  diagramatic  interpretation  of  the  self-energy  are  all  made  possible, 
in  a  practical  sense ,  through  the  matrix  structure  of  TFD.  It  is  there¬ 
fore  the  case  that  nearly  all  the  important  results  of  this  section  are 
a  consequence  of  the  computational  power  afforded  us  by  the  TFD 
formal  ism. 

Equation  (3.147)  may  then  be  re-expressed  in  terms  of  the  self¬ 
energy  l  as 

I“B(P)-I“B(P)  =  2hA(h)  I  r“S(p;0;p)  .  (3.153) 

g  9 

The  result  of  Eq.  (3.38)  allows  us  to  rewrite  Eq.  (3.153)  as 

1  [lf(P)-I“B(P)]  =-I  r“6(p;0;p)  .  (3.154) 

g  9 

In  the  ferromagnetic  regime,  T<Tc>  both  the  numerator  and  the 
denominator  of  the  left  hand  side  of  Eq.  (3.154)  remain  finite  in  the 
limit  h->0.  The  role  of  Eq.  (3.154)  in  analyzing  the  magnetic  proper¬ 
ties  of  itinerant  electron  systems  has  been  examined  in  refs.  [7]  and 

[65].  In  the  paramagnetic  regime,  T>T  ,  however  both  the  numerator  and 

c 

denominator  on  the  left  hand  side  of  Eq.  (3.154)  tend  to  zero  in  the 
limit  h->0.  Thus  Eq.  (3.154)  shows  us  that,  in  the  zero  field  case  (i.e. 
h=0),  the  long  wavelength  limit  of  the  electron  paramagnon  vertex  r 
may  be  calculated  from  the  response  of  the  magnetization  and  the  splitt¬ 
ing  of  the  spin  up  and  spin  down  self-energies  induced  by  some  infinite¬ 
simal  symmetry  breaking  parameter  h. 

If  we  now  substitute  Eq.  (3.154)  into  our  expression  for  the 


■ 
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static  susceptibility  given  in  Eq.  (3.145)  we  obtain 


A(h)  =  D(h)  1  +  — 1 -r 
1  (2tt)4 


d4p  \  Tr[TG+(p)  ^{^(p)  -  I+(p)}G+(p)]'' 


(3.155) 


The  above  expression  is  exact  and  model  independent  and  provides  us  with 
a  useful  starting  point  for  our  discussions. 

In  order  to  see  how  we  may  utilize  this  result  in  a  practical 
way,  we  consider  the  interaction  to  be  given  by  a  local  contact  inter¬ 
action,  thus 

£,  =  -  4  l  /(x)*+,(x)*  ,(x)*  (x)  .  (3.156) 

I  C  u  o  o  o  o 

a 

We  then  consider  the  self-energy  corrections  £  and  £  ,  arising  from 

the  interaction  term,  to  consist  of  two  parts,  the  familiar  Hartree- 
Fock  or  Mean  Field  (MF)  contribution  plus  a  contribution  arising  from 
the  spin  fluctuations.  Thus  we  write 

5^6(p)  =  xa6\<n  +  (x)>  +  £“e(p)  (3.157a) 

and 

Z“6(P)  -  TaSA<nt(x)>  +  £“B(p)  (3.157b) 


where  <n  >  and  <n  >  denote  the  density  of  the  spin  up  and  the  spin  down 

T  Y 

electrons  respectively  and  are  given  by 


<n  .  (x)>  =  -  — (t,  d4k  g]  1  ( k ) 


and 


(2tt) 


<n  +  (x)>  =  -  — C+  d4k  G^Ck)  , 
(2tt) 


(3.158a) 


(3.158b) 


where  C+  denotes  the  integration  path  for  dpQ  lies  in  the  upper  half  of 
the  complex  plane.  The  second  terms  appearing  in  Eqs.  (3.1 57a, b)  there¬ 
fore  represent  corrections  to  the  MF  contributions  arising  from  the  spin 
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fluctuations.  By  analogy  we  define  the  corresponding  MF  propagators  as 

Gf(p)  =  UF(po)[po-c(p)±(^+h)  +  iST]'1UF(po)  .  (3.159) 

The  Dyson  Equation,  Eq.  (3.150a,b),  for  the  one  electron  Green's  func¬ 
tion  may  now  be  written  in  terms  of  the  MF  propagators  G+  and  the  self¬ 
energy  correction  £  as 


and 


g“6(p) 


Gf(p) 


-  Gf(p)  +  G““(p)Lau(p)  G"B{p) 


,aa 


ab, 


.bp, 


-  G“B(p)  +  G“a(p)Lau(p)G“B(p) 


aS /  \ F  ab . 


.be. 


(3.160a) 


(3.160b) 


In  order  to  relate  the  result  given  in  Eq.  (3.155)  with  the 
results  of  the  RPA,  we  first  note  the  trivial  identity,  that  for  any 
constant  A  we  can  rewrite  Eq.  (3.155)  as 


A(h)  =  A-h  + 


oTiiT 


(2*)' 


d4p|Tr[TG+(p)la+(p)-[+(p))GF(p)]-5^ 


-1 


(3.161  ) 


If  we  now  let  A  be  given  by 


A  =  Do(h) 


where 


with 


D  (h)xaB  =  lim  0“B(q) 
q+0  0 


£B(q)— 4 

0  (  2tt  )4 


d4pe“(?+S(p-f)GB“(p+f) 


(3.162) 


Then  a ( h )  reduces  to 

A(h)  =  D  (h)  (1  +  ADQ(h)  +  k}-1  ,  (3.163) 

where  k  represents  the  corrections  to  the  RPA  approximation  and  may  be 
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expressed  as 


<  = 


Do(h) 

W 


(2u) 


d4p^Tr[xGf  (p)^  (I+(p)  -  I+(p))G+(p)]  - 


D(h)  -  D  (h) 


DTh) 


(3.164) 


The  self-energy  contributions  £  and  ^  may  be  calculated  using 
a  straightforward  perturbation  expansion.  The  lowest  order  contribu¬ 
tions  shown  diagramatical ly  in  Fig.  1  are  given  by 


if(p) 


>2  1 
A  J 

(2tt)4 

2  i 


-  A 


(  2  TT  ) 


d4k  G?3(p+k)Aa3(k)  +  A 


d4k  Gf  (P+k)Da3(k) 

Y 


2  i 


(2-rr) 


d4k  G“3(p-k)A“3(k) 

T  + 


(3.165a) 


and 


if(p) 


=  A 


2  i 


(  2  TT  ) 


d4k  G“3(p-k)Aa3(k)+  A 


2  i 


(2tt  y 


d4k  Gf  (p+k)A°3(k) 


-  A 


2  i 


(2tt) 


d4k  Gf  (p-k)Da3(k)  , 

T 


(3.165b) 


where  A.(k)  and  A,(k)  are  defined  by 

T  T 


<e|T[n  (x)n  (x)] I 6>  -  <e |n  (x) | e>  <e |n  (x) | e> 


+  t 

i 


(2-rr) 


d4k  A  fk)  e'1k(x-y) 

T 


(3.166a) 


and 


<6  |T[n +(x)n  ^(y)] |  e>  -  <e|n^(x)  |  $>  <e|n^(x)  |  6> 


( 2  tt) 


fd4k  a  ( k )  e-ik(x-y) 

Y 


(3.166b) 


The  third  term  appearing  in  Eqs.  (3.165a,b)  is  included  to  avoid 
double  counting,  and  while  this  term  presents  no  computational  difficul¬ 
ties  we  will  neglect  it  in  what  follows,  in  order  to  simplify  the  dis¬ 


cussion  . 
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Even  with  the  self-energy  parts  given  by  Eqs.  (3. 165a, b)  our 
expression  for  k  is  still  of  a  somewhat  formal  nature  since  it  involves 
the  as  yet  undetermined  paramagnon  propagators^ A(k),  A  (k)  and 
A,(k)  and  there  are  a  variety  of  ways  in  which  the  calculation  may  pro- 

T 

ceed  depending  on  how  we  choose  to  approximate  the  paramagnon  propaga¬ 
tors.  We  will  examine  this  point  in  more  detail  later. 

Regardless  of  how  we  choose  to  simplify  the  internal  paramagnon 
line,  the  calculation  of  k  from  Eq.  (3.164)  represents  a  rather  formi¬ 
dable  undertaking.  One  possible  approach  is  to  expand  k  in  terms  of 
the  self-energy  correction  arising  from  the  spin  fluctuations  I  and 
retain  only  terms  up  to  some  finite  order.  In  the  case  of  the  weak 
itinerant  ferromagnets  it  may  be  adequate  to  consider  only  the  lowest 
order  terms.  Expanding  the  one  electron  Green's  function  in  terms  of 
the  self-energy  corrections  I  and  retaining  only  the  lowest  order  terms 
we  obtain  on  taking  the  limit  as  h-^-0  the  following  expression  for  < 
after  some  manipulation. 


K  = 


(2*)‘ 


,4  1 


d  p  2  Tr{T6o(p)  ^  MThT  (I+(pM+(p>>+rThT  s0(p)Z(p)_ 


(3.167) 


where  we  have  made  use  of  the  following  definitions 


and 


G“6(p)  =  lim  G“e(p) 

0  h->0  ± 

^(P)  =  lim  lf( p)  =  lim  If  Cp)  • 


(3.168) 

(3.169) 


In  the  domain  of  interest,  that  is  in  the  region  above  T  ,  where 
we  expect  the  paramagnon  contribution  to  be  large  and  hence  the  above 
corrections  to  be  important,  the  induced  effective  field  experienced  by 


. 
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the  electrons  H  =  \M(h)/2  +  h  will  be  considerably  larger  than  the 
symmetry  breaking  parameter  h.  Hence  we  obtain  the  result  that 
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11m  MlhT  “  x  W  (3.170) 

h->0 

where 

It(p)  -  i(p;H)  (3.171) 

and 

I+(p)  *  I(pj-H)  .  (3.172) 

The  fact  that  we  are  focussing  our  attention  on  the  region  above  T 

c 

means  that 

1  +  AD  *  0 

and  to  lowest  order  in  the  spin  fluctuations 

A  "  DThT  “  iTThT  *  (3.173) 

While  the  approximations  contained  in  Eqs.  (3.170)  and  (3.173)  are  not 
essential  to  the  analysis  they  do  allow  us  to  express  k  in  the  follow¬ 
ing  rather  compact  form 


< 


(27T) 


—  —  Tr 
2  dH  ir 


{^T  g+(p)}Hpsh) 


H=0 


(3.174) 


In  obtaining  Eq.  (3.174)  we  have  used  the  result  that 


^sf(p)  ■  +[g  Jp)2 


(3.175) 
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d /_\ 3 


dH 
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If  we  now  introduce  the  expression  for  £  given  for  Eqs . (3 . 1 65a ,b) 
then  k  given  above  becomes 


K  = 


DoW 


(2*) 


.4  A\  d  fir  otr  d  pOta  /  \ -i 
d  p  d  k  Th- G+  (p)] 


a 


[G*“ (p+k)Aa“(k)  +  G*“ (p+k)A^a(k)]l 


'  H=0 


Now  by  use  of  the  relations 
G+(p)  =  G_(p) 


H->-H 


A(k)  =  A(-k) 


H+-H 


and 


A ( k )  =  A C- k )  , 
we  arrive  at  the  result 
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2 
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A  aW  &  Do(k)]Ti(k) 


+  [ftot(k)]xA+(k) 


H=0 


where  D_ ( k )  is  given  by  Eq.  (3.162)  and  D  (k)  is  given  by 

O  T 


D“6(k)  - 


(2k)‘ 


’4  aB.  ,  Ba ,  x 

dp  G+( p+k )G+  (p) 


(3.177) 


(3.178a) 

(3.178b) 

(3.178c) 


(3.179) 


(3.180) 


Using  the  spectral  representation  given  in  Eq.  (2.56)  we  define 
the  following  spectral  functions 

I*  _ 

D“S(k)  =  dw  aH(M;i?)UB(ko)T[ko-u  +  1st]'1  UB(kQ)  ,  (3.181a) 


|  .  '  M  1  f^q)'  : 
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D“B(k)  = 


du  a^(u;l<)Ug(ko)T[ko  -  u  +  iSf]  ^  Ug ( kQ )  , 


AaS(k) 

and 


dw  p|_j(.o) jl< )Ug (kg )x[k^  -  co  +  T6x]  ^  UB(kQ) 


if(k) 


dw  pJ((ij;it)UB(ko)T[k0  -  u  +  i St]-1  Ug (kQ )  . 


We  thus  have  that 
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(3.181b) 

(3.181c) 

( 3 . 1 81  d  ) 


(3.182a) 


(3.182b) 


Substituting  these  results  into  our  expression  for  <  given  by 
Eq.  (3.179)  we  obtain 

+oo 

dco  coth  [G-j  ( co )  +  G2 ( uj )  +  G^^)  +  G^(co)]  ,  (3.183) 

—  00 


where 


G-j  (co) 
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(3.184a) 
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and 


,2 

G2(w)  =  44  lim  P 
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(3.184c) 
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If  we  define  the  complex  functions 

+oo 


X0U;k;H) 
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(3.185a) 
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(3.185c) 
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(3.1 85d ) 


then  the  functions  G.  may  be  written  in  the  somewhat  more  compact  form 
as 

2  r  j3t>-  ,2 
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(3.1 86d ) 


In  order  to  evaluate  the  functions  G.  (oo)  we  must  specify  how  the 

X 

spectral  functions  pH  and  pH  should  be  calculated.  The  simplest  appro¬ 
ximation  is  to  neglect  the  effect  of  the  spin  fluctuations  entirely  and 

X 

to  evaluate  pH  and  pH  using  the  random  phase  approximation.  This  gives 

*  X-(Zit) 

Tim  x(z;i<;H)  =  - 2 - _  ,  (3.187a) 
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where 
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Using  these  results  in  our  expression  for  k  we  obtain  the  results 
T8l 

of  Beal-Monod  et  al L  ,  used  in  the  calculation  of  magnetic  suscepti- 
3 

bility  of  He,  which  may  be  regarded  as  a  nearly-ferromagnetic  itinerant 
spin  system. 

If  instead,  however,  we  regard  the  result  of  Eq.  (3.163) together 
with  the  expression  for  k  given  in  terms  of  l  by  Eq.  (3.167)  as  provid¬ 
ing  us  with  a  self-consistent  scheme  for  the  determination  of  the 
susceptibility,  then  the  approximations  provided  by  Eqs.  (3.187a->d)  are 
inadequate  since,  at  zero  momentum,  they  do  not  satisfy  the  requirements 
of  spin  rotational  invariance  provided  by  Eqs. (3.1 38), (3.1 63) and  (3.164).  The 
importance  of  the  requirements  of  self-consistency,  in  the  case  of  weak 
itinerant  ferromagnets  and  nearly  ferromagnetic  itinerant  spin  systems, 

f9l 

has  been  pointed  out  by  Moriya  and  Kawabata  .  Their  argument  is  based 
on  the  observation  that  if  the  RPA  susceptibility  is  used  in  the  compu¬ 
tation  of  k  then  the  paramagnons  will  go  soft  at  the  Stoner  temperature 
Ts  given  by 

1  +  \D  (h )  =  0  ,  h  =  0  ;  T  =  T  (3.189) 

o  s 

whereas  from  Eq.  (3.163)  the  thermal  instability  is  seen  to  occur 

at  a  temperature  T  given  by 

c 

1  +  K  +  AD0(h)  =  0  ,  h  =  0  ;  T  =  T,  .  (3.190) 

This  inconsistency  is  resolved  if  we  calculate  k  using  some  renormalized 
paramagnon,  where  the  renormalization  is  performed  in  a  manner  consis¬ 
tent  with  the  low  momentum  requirements  of  the  spin  rotational  invar¬ 
iance.  One  particularly  simple  scheme  has  been  proposed  by  Moriya  and 
F91 

Kawabata  J  and  consists  of  making  the  replacement 


t 
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[1  +Ax0(z;l<)]'1  —  [1  +  k  +  Axo(z;it)]‘1  (3.1  91  ) 

in  Eqs.  (3.187a-d).  The  resulting  self-consistent  equation  for  k  forms 

the  basis  of  the  so-called  self-consistent  renormalization  (SCR)  scheme 

T91 

of  Moriya  and  Kawabata  .  Despite  the  simplicity  of  the  SCR  scheme 
it  has  led  to  many  predictions  which  are  in  good  agreement  with  the 
experimental  data  for  weak  ferromagnets^ .  Most  notable  of  its 
achievements  is  perhaps  the  fact  that  it  appears  to  account  for  the 
Curie-Weiss  behaviour  of  the  inverse  susceptibility  observed  in  the 
Weak  Itinerant  Ferromagnets  and  the  fact  that  the  transition  temperature 
T  is  considerably  lower  than  the  corresponding  Stoner  temperature. 

V 

The  original  derivation  of  the  SCR  scheme,  presented  by  Moriya 

Eg] 

and  Kawabata  ,  was  obtained  from  an  examination  of  an  expression  for 
the  free  energy  and  was  semi-phenomenological.  As  a  consequence ,  despi  te 
the  obvious  importance  of  the  parameter  k,  the  physical  interpretation 
and  origin  was  by  no  means  obvious.  While  later  work  by  Kawabata^  ^ 
succeeded  in  providing  a  diagrammatic  interpretation,  by  means  of  the 
Matsubara  technique,  the  justification  for  the  choice  of  diagrams  and 
the  nature  of  the  approximations  employed  was  not  offered.  On  the  other 
hand,  the  derivation  of  the  SCR  scheme  obtained  from  the  general  result 
of  Eq.  (3.155)  together  with  the  approximations  presented  here,  provide 
us  with  a  rather  clear  understanding  of  the  nature  of  and  justification 
for  the  approximations  underlying  the  SCR  scheme,  which  may  be  summar¬ 
ized  as  follows.  From  the  exact  expressions  for  A(q)  given  by  Eq. 

(3.142)  performing  an  expansion  of  Gf,  and  r  in  terms  of  the  contri¬ 
butions  arising  from  the  spin  fluctuations,  then  following  a  similar 
procedure  to  that  used  in  the  static  limit  to  obtain  Eq.  (3.163)  we 
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obtain  the  rather  general  expression 

A(q)  =  t[t  +  XDQ(q)  +  ic(q)]'1  D(q)  (3.192) 

where  «(q)  is  now  the  correction  to  the  dynamical  susceptibility  arising 
from  the  spin  fluctuations  and  hence  Eq.  (3.192)  may  be  regarded  as  a 
self-consistent  equation  for  the  dynamical  susceptibility.  If  we  now 
approximate  <(q)  by  its  static  limit,  noting  that 

lim  k ( q )  =  <  ,  (3.1 93) 

q->0 

then  provided  the  paramagnon  correction  to  the  vertex  r  is  calculated 

in  a  manner  that  is  consistent  with  the  requirements  of  spin  rotational 

invariance  expressed  by  Eq.  (3.154)  then  the  results  of  the  SCR  method 

may  be  obtained  if  we  consider  only  the  leading  paramagnon  corrections 

to  the  electron  self-energy  given  by  Eq.  (3. 165a, b).  Thus  the  SCR 

scheme  may  be  interpreted  as  some  kind  of  temperature  dependent  mass 

renormalization  of  the  paramagnon  in  which  the  mass  is  computed  to 

leading  order  in  the  spin  fluctuations  in  a  manner  consistent  with  the 

requirements  of  spin  rotational  invariance. 

In  addition  to  providing  us  with  a  rather  elegant  derivation  of 

such  approximation  procedures  as  the  SCR  scheme,  the  technique  outlined 

in  this  section  provides  us  with  the  framework  whereby  higher  order 

paramagnon  corrections  to  the  static  susceptibility  may  be  computed  in 

a  systematic  way.  To  see  how  to  extend  the  SCR  scheme  to  include  such 

higher  order  corrections  in  a  systematic  fashion  based  on  the  free 

energy  approach  of  Moriya  and  Kawabata  is  extremely  difficult. 

Furthermore  the  close  relation  between  the  approximations  used 

[65] 


in  this  work  and  those  employed  in  the  zero  temperature  case 
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suggest  that,  with  appropriate  modifications,  the  considerations  presen¬ 
ted  here  could  be  extended  to  consider  the  ferromagnetic  domain.  It  is 
by  no  means  obvious  that  the  resultant  generalization  of  the  SCR  scheme 
to  the  ferromagnetic  domain  presented  by  Moriya  and  Kawabata^  would 
result  or  whether  in  fact  the  mass  renormalization  scheme  of  Moriya  and 
Kawabata  is  the  simplest  way  to  proceed. 

To  summarize  in  this  section  the  response  of  an  itinerant  elec¬ 
tron  system  to  some  small  symmetry  breaking  term  is  examined  and  it  is 
shown,  by  virtue  of  the  constraints  of  this  response  imposed  by  the  spin 
rotational  invariance  of  the  system,  how  an  exact  expression  for  the 
static  susceptibility  may  be  obtained.  The  results  of  this  analysis 
are  then  used  to  derive  an  expression  for  the  corrections  to  the  RPA 
approximation  arising  from  the  paramagnon  contributions  to  the  electron 
self-cenergy  together  with  the  corresponding  vertex  corrections  required 
by  spin  rotational  invariance.  When  the  correction  term  is  evaluated 
in  terms  of  the  leading  paramagnon  contributions  to  the  electron  self¬ 
energy  the  result  of  previous  works  by  other  authors  is  recovered  not- 

rgl 

ably  the  SCR  scheme  of  Moriya  and  Kawabata  .  The  approach  presented 
here  therefore  provides  for  a  rather  precise  diamagnetic  interpretation 
of  the  SCR  method.  It  also  allows  for  a  systematic  extension  of  the 
procedure  to  consider  higher  order  paramagnon  corrections  and  to  the 
ferromagnetic  domain. 


s  mi 
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CHAPTER  4 


THE  d-f  INTERACTION  IN  FERROMAGNETIC  SUPERCONDUCTORS 

4.1  The  Interplay  of  Magnetism  and  Superconductivity 

In  this  chapter  we  focus  our  attention  on  the  magnetic  proper¬ 
ties  of  a  somewhat  different  class  of  materials  than  those  considered 
in  Chapter  3.  In  the  case  of  the  itinerant  systems,  studied  earlier, 
the  magnetic  properties  were  largely  determined  from  the  polarization 
of  the  electron  spin,  either  through  an  applied  field,  as  in  the  para¬ 
magnetic  domain,  or  induced  through  the  self-interactions,  as  in  the 
ferromagnetic  domain.  In  this  section  we  wish  to  examine  certain 
aspects  of  Magnetic  Superconductors .  These  materials  may  be  visualized 
as  consisting  of  a  band  of  conduction  electrons  interacting  via  a  pho¬ 
non  induced  BCS  coupling,  together  with  an  array  of  magnetic  ions 
which  reside  on  particular  lattice  sites.  The  interest  in  such  sys¬ 
tem  stems  from  the  fact  that,  in  certain  situations,  it  can  arise  that 
as  the  temperature  is  lowered  the  electrons  condense  into  the  super¬ 
conducting  state.  The  magnetic  properties  of  these  materials  are  then 
determined  by  the  competition  between  the  diamagnetic  nature  of  the 
persistent  current  and  the  ferromagnetic  nature  of  the  localized  spins. 
An  important  feature  of  these  systems  therefore  is  the  interplay  between 
superconductivity  of  the  conduction  electrons  and  the  magnetism  of  the 
magnetic  moments,  arising  from  the  various  interactions  between  the 
localized  spins  and  the  conduction  electrons.  This  interplay  gives 
rise  to  a  great  many  features  peculiar  to  these  systems. 

Of  the  various  interactions  in  these  systems  there  are  two,  over 
and  above  the  BCS  interaction  mentioned  already  and  the  exchange 
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interaction  between  the  localized  magnetic  moments,  which  are  of  in¬ 
terest  to  us  here:  the  electromagnetic  interaction  between  the 
magnetic  ions  and  persistent  current  of  the  superconducting  electrons 
as  well  as  the  indirect  exchange  interaction  between  the  conduction 
electron,  the  d  (or  s)  electrons  and  the  electrons  in  the  unfilled  f 
shell  of  the  magnetic  ions.  This  latter  interaction  is  referred  to  as 
the  d  (or  s)  f  interaction. 

Much  of  the  earlier  work^0^0^0*^  on  these  magnetic  super¬ 
conductors  was  concerned  mainly  with  the  effect  of  magnetic  impurities 
on  the  superconducting  properties,  arising  from  the  d  (or  s)  f  inter¬ 
action.  These  studies  provided  a  number  of  important  results,  they 
predicted  the  existence  of  gapless  superconductors  and  showed  that, 
unlike  the  situation  that  pertains  for  non-magnetic  impurities,  the 
presence  of  a  small  amount  of  magnetic  impurity  could  destroy  the 
superconducting  state.  Experiments  on  magnetic  superconducting  alloys 
confirmed  that  the  presence  of  magnetic  impurities  easily  quenches  the 
superconductivity^0^.  These  theoretical  and  experimental  results 
gave  rise  to  the  widespread  belief  that  the  prospect  of  a  system  exhi¬ 
biting  both  superconducting  and  magnetic  order  was  ruled  out,  since 
the  two  phases  tended  to  destroy  one  another. 

The  situation  changed  dramatically  in  the  late  seventies  follow¬ 
ing  the  discovery  of  the  rare  earth  ternary  and  pseudo-ternary  super- 
[12  1 31 

conductors  *  .  A  systematic  study  has  been  made  on  two  groups  of 

these  compounds,  the  ReRh^B^  compounds  (RE  =  Rare  Earth)  and  the  Chevrel 
compounds,  REMOgXg  (X = S  or  Se).  Many  of  these  substances  become  super¬ 
conducting  for  T  <  T  despite  the  presence  of  the  rare  earth  magnetic 

c 

moments  in  the  crystal  lattice.  This  suggests  that  the  interaction 
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between  the  d  electrons  of  the  Rh  or  Mo  ions  giving  rise  to  the  super¬ 
conductivity  and  the  electrons  of  the  unfilled  f  shell  in  the  rare  earth 
ions  is  relatively  weak.  Of  these  materials  ErRh^B^  and  HoMOgSg  are 
particularly  interesting  since,  not  only  do  both  of  these  materials 
exhibit  a  superconducting  phase  as  the  temperature  is  lowered  below  the 
superconducting  transition  temperature  ,  but  as  the  temperature  is 

lowered  further  a  ferromagnetic  normal  phase  appears  at  a  temperature 

fl  2  1 31 

T  2  which  persists  down  to  zero  temperature  ’  .  This  is  called  the 

re-entrant  phenomenon  and  T ^  is  generally  referred  to  as  the  re-entrant 
temperature . 

The  results  of  these  experimental  studies  led  to  a  renewed  inter¬ 
est  in  the  interplay  between  magnetism  and  superconducti vi ty  and  the 
underlying  mechanisms  at  work  in  these  ternary  compounds.  Perhaps  the 
most  important  facet  to  emerge  from  the  theoretical  studies  of  these 
compounds  was  the  realization  that  the  relative  weakness  of  the  d-f 
interaction,  meant  that  the  electromagnetic  interaction  between  the  rare 
earth  spins  and  the  persistent  current  assumed  a  major  importance  in 
determining  their  properties.  A  central  feature  of  the  electromagnetic 
interplay  between  the  diamagnetic  nature  of  the  superconducting  current 
and  the  ferromagnetic  nature  of  the  RE  spins  is  the  shielding  of  the  RE 


spins  by  the  persistent  current 


[14] 


This  effect  has  been  observed  in 


n  g  2  0 1 

the  ultrasonic  attenuation  experiments1  *  J  and  predicted  the  exis¬ 
tence  of  a  modulated  spin  phase^*'^*'^*'^’'^  n-n  a  narrow  co-existence 

region  above  the  re-entrant  temperature  T  £•  The  existence  of  this 

[ 21  22  231 

phase  has  been  confirmed  by  neutron  scattering  measurements  ’  5  . 


In  addition  to  the  attenuation  experiments  and  the  existence  of  the  spin 
modulated  phase  the  electromagnetic  interplay  makes  a  number  of  other 
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predictions,  the  spontaneous  surface  magnetization^0, the  oscil¬ 
latory  penetration  of  the  magnetic  field^0’^^,  the  superconducting 
domain  wall^^’^0^,  self-induced  vortices^^  and  the  strong  shield¬ 
ing  of  the  forward  neutron  scattering^ 1 ^ . 

Calculations  have  also  been  done  to  include  the  effect  of  the 
electromagnetic  interaction  on  the  magnetic  properties  of  the  mixed 
state  in  these  compounds1  ’  .  In  addition  to  a  detailed  formulation 

of  the  mixed  state,  including  the  effect  of  the  electromagnetic  inter¬ 
action,  upper  and  lower  critical  field  curves  together  with  the  magneti¬ 
zation  curves  were  presented  for  a  range  of  parameters.  These  calcula¬ 
tions  indicated  that  the  upper  critical  magnetic  induction  curve  Bc2 
(=  Hc2  -  4tt  Mc2)  behaved  in  a  manner  similar  to  that  obtained  in  the 
non-magnetic  case.  The  results  for  the  critical  field  curves  can  be 
described  qualitatively  in  terms  of  the  results  for  the  non-magnetic 
type  II  superconductors  by  the  replacement  K->Ke^=  k(1  +  4ttx)^. ^ ^ 

The  qualitative  behaviour  of  the  upper  and  lower  critical  field  curves 
is  similar  to  that  observed  in  measurements  made  on  polycrystal  1 ine 
samples^117-118]. 


While  the  effect  of  the  d-f  interaction  is  weak  and  it  is  possi¬ 
ble  to  obtain  a  reasonable  qualitative  explanation  for  many  of  the 
phenomena  observed  in  these  ternary  compounds  solely  in  terms  of  the 
electromagnetic  interaction,  it  does  nevertheless  give  rise  to  a  number 
of  observable  features.  For  example  it  gives  rise  to  an  increase  in 
the  superconducting  transition  temperature  with  the  substitution  of 
magnetic  rare  earth  ions  by  non-magnetic  ones^0^  and  may  account  for 
the  deviation  of  the  superconducting  gap  from  the  BCS  result,  observed 
in  tunneling  measurements^ 20’^ ,  and  the  temperature  dependence  of 
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the  condensation  energy  measured  from  the  magnetization  curves 
However  perhaps  the  most  compelling  argument  as  to  why,  that  in  order 
to  obtain  a  precise  theoretical  model  of  these  compounds,  one  must 
include  not  only  the  electromagnetic  interaction  but  also  the  d-f  inter¬ 
action,  is  provided  by  the  measurements  of  the  magnetic  properties  of 
single  crystal  ErRh^B^.  ^ 0,1  ^  Calculations  show^23-^  that  the  elec¬ 
tromagnetic  interaction  cannot,  of  itself,  account  for  both  the  hard 
and  easy  axis  critical  field  curves  by  means  of  a  consistent  set  of 
parameters.  Furthermore  the  appearance  of  a  first  order  phase  transi¬ 
tion  around  H  ^  cannot  be  accounted  for  solely  on  the  basis  of  the 
electromagnetic  interaction. 

In  the  light  of  these  considerations  there  exists  a  need  to 
provide  a  unified  theory,  which  embodies  the  effect  of  both  the  d-f 
and  the  electromagnetic  interactions  in  a  consistent  manner,  if  we  wish 
to  obtain  a  quantitative  understanding  of  these  materials.  In  the  re¬ 
mainder  of  this  section  we  present  a  theory  which  aims  at  such  a  unified 
approach  and  its  application  to  the  analysis  of  the  mixed  state  in 
ErRh4B4. 

In  Section  4.2  we  present  a  detailed  derivation  of  a  formalism, for 
the  analysis  ofmagnetic  superconductors ,  whi ch  includes  in  a  self-consistent 
manner,  the  pair  breaking  effects,  induced  through  the  d-f  interaction 
together  with  the  shielding  of  the  localized  magnetic  moments  by  the 
persistent  current.  The  pair  breaking  effects  describe  the  modifica¬ 
tion  to  the  superconducting  electron  states  by  the  localized  moments 
through  their  mutual  interaction  (the  d-f  interaction).  There  are  two 
basic  mechanisms  which  are  of  interest  to  us  here:  the  scattering  of 
the  electrons  by  the  localized  spin  fluctuations  and  secondly  the 
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Zeeman  splitting  of  the  electron  spins  due  to  the  effective  field  of 
the  magnetic  ions.  Both  of  these  mechanisms  tend  to  destroy  the  super¬ 
conductivity.  Both  of  the  pair  breaking  mechanisms  are  represented  in 
the  formalism  developed  in  the  next  section.  It  will  be  shown  how  the 
effects  of  the  localized  spin  fluctuations  may  be  realized  by  means  of 
a  straightforward  scaling  law,  following  the  definition  of  an  effective 
coupling  constant.  While  the  simplifications  afforded  us  by  the  scaling 
law  are  most  evident  in  the  mixed  state,  their  application  to  the 
Meissner  state  is  not  without  interest.  In  Section  4.2  it  is  shown  how 
in  the  Meissner  state,  the  effect  of  the  spin  fluctuations  on  various 
superconducting  quantities,  such  as  the  superconducting  gap,  the  con¬ 
densation  energy  and  the  London  penetration  depth,  may  be  computed  from 
the  familiar  BCS  results  by  means  of  the  scaling  law.  Since  all  of  the 
above  quantities  are  experimental ly  accessible  this  provides  a  useful 
comparison  with  experiment. 

The  treatment  of  the  electromagnetic  fields  in  Section  4.2  is 
based  on  the  Boson  method  pioneered  by  Umezawa  and  his  collabora¬ 
tors^  >5,6,7,27,28] .  technique  has  found  widespread  application 

m 

in  the  analysis  of  the  mixed  state  in  non-magnetic  superconductors  . 

It  has  also  been  extended  to  include  the  case  of  magnetic  superconduc- 

torsL  ’  .  The  method  is  based  on  the  field  theoretic  formulation  of 

quantum  el ectrodynamics  in  the  superconducting  state,  based  on  the 
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Lagrange  multiplier  field  method  of  NakanishiL  J  and  Lautrap 
Due  to  the  spontaneously  broken  phase  symmetry  it  can  be  shown  that 
Goldstone's  theorem  is  realized  in  this  case  through  the  appearance 
of  a  gapless  excitation,  the  phason,  in  the  positive  norm  part  of  the 
Lagrangian  multiplier  field.  The  argument  is  similar  to  that  presented 
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in  Section  3.1  with  regard  to  the  appearance  of  the  magnon  in  the  case  of 
the  spontaneously  broken  spin  symmetry.  The  observable  properties  of  the 
phason  are  determined  by  the  manner  in  which  it  couples  to  the  various 
gauge  invariant  operators  such  as  the  electron  current  operator,  for 
example.  The  nature  of  this  coupling  however  is  strongly  governed  by 
the  requirements  of  gauge  invariance,  since  it  can  be  shown,  quite 
generally,  that  the  gauge  transformations  are  realized  through  a  trans¬ 
lation  of  the  positive  and  negative  norm  parts  of  the  multiplier  fields. 
This  would  lead  one  to  suppose  that,  since  the  effect  of  the  phason  may 
be  absorbed  by  a  gauge  transformation,  its  effect  on  observable  quan¬ 
tities  would  be  irrelevant.  Such  however  is  not  the  case  if  we  permit 
translations  of  the  phason  field  containing  topological  singularities. 
Such  transformations  cannot  be  removed  simply  by  a  gauge  transformation 
and  hence  can  give  rise  to  observable  phenomena.  Vortex  structures  in 
superconductors  provide  an  example  of  such  singular  transformations. 

Such  singular  transformations  in  the  phason  field  belong  to  a  class  of 
transformations  known  as  boson  transformations  and  provide  the  basis 
for  the  so-called  boson  method  in  superconductivity. 

Since  the  principles  underlying  the  boson  method  in  superconduc¬ 
tivity  are  not  dependent  upon  the  detailed  nature  of  the  interactions 
present  and  that  the  effect  of  the  d-f  interaction,  on  the  calculation 
of  such  quantities  as  the  persisent  current,  involves  only  a  straight¬ 
forward  extension  of  previous  work^,  we  do  not  include  a  detailed 
treatment  of  the  boson  method.  Instead  in  Section  4.2  we  content 
ourselves  with  a  rather  general  outline  and  statement  of  the  basic 
results  together  with  the  modifications  arising  from  the  d-f  interac¬ 
tion. 
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In  Section  4.3  the  formulation  developed  in  Section  4.2  is  used  to 
analyze  the  mixed  state  in  ErRh^B^  and  a  detailed  comparison  with  the 
recent  measurements  of  the  magnetic  properties  of  single  crystal  ErRh^B^ 
is  presented.  It  will  be  shown  how  good  agreement  with  both  the  hard 
and  easy  axis  magnetization  measurements  may  be  obtained  from  a  single 
value  of  Kg.  Furthermore  the  formalism  developed  in  Section  4.2  is 
applicable  to  the  region  in  which  the  transition  to  the  normal  state  at 
Hc2  1s  ’fr'1*rst  order-  Thus  the  jump  in  the  magnetization  may  be  computed 
as  a  function  of  temperature  and  compared  with  experiment.  This  repre¬ 
sents,  as  far  as  we  know,  the  first  calculation  of  a  magnetization  curve 

that  has  a  first  order  transition  to  the  normal  state  at  H  0. 

c2 

4.2  A  Formulation  of  the  d-f  Interaction  in  Ferromagnetic  Super¬ 

conductors 

In  this  section  we  present  a  formulation  for  ferromagnetic  super¬ 
conductors  which  includes  in  a  unified  fashion  both  the  d-f  and  electro¬ 
magnetic  interactions.  The  dynamics  of  the  system  under  consideration 
is  assumed  to  be  obtained  from  the  following  microscopic  Hamiltonian 
density  given  by 

&W  =^t(x)e0(-i(V-j^|-  S))^(x)  -  Vt|A(x)^(x)^(x)^(x)  +  <5epi|;+(x)i|;(.x) 

-  j  $(x)Yo(-iv)ff(x)  -  I^(xH+(x)m|j(x)  -  M(x)-B(x) 

+  yB0,+  (x)^(x)B(x)  +  gL  {|5(x)|2  +  |E(x)|2}  .  (4.1) 

In  the  usual  way  \p(x)  denotes  the  electron  field,  A(x)  is  the  vector 
potential,  with  the  magnetic  induction  field  5(x)  given  by  B  =  va  t{x) 
and  M(x)  is  the  density  of  the  localized  spin  magnetic  moment. 
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The  first  term  corresponds  to  the  gauge  invariant  expression  for 
the  kinetic  energy  of  the  electron.  The  electron  energy  is  denoted  by 
eQ  and  is  assumed  to  be  parabolic.  The  second  term  corresponds  to  the 
phonon  induced  BCS  coupling.  The  third  term  is  to  account  for  shift  of 
the  chemical  potential.  The  fourth  term  is  the  interaction  between  the 
localized  spins  other  than  that  mediated  by  the  dipole  and  the  d-f 
interaction.  The  fifth  term  represents  the  d-f  interaction  while  the 
sixth  and  seventh  terms  denote  the  interaction  between  the  magnetic 
induction  field  B  and  the  localized  and  electron  spins  respectively. 

The  last  term  is  the  electromagnetic  energy. 

The  presence  of  the  d-f  interaction  term  gives  rise  to  two  dis¬ 
tinct  mechanisms  both  of  which  serve  to  suppress  the  superconductivity. 
The  first  concerns  the  scattering  of  the  electrons  by  the  fluctuations 
of  the  localized  spins.  The  second  effect  is  the  removal  of  the  elec¬ 
tron  spin  degeneracy  caused  by  the  splitting  of  the  electron  spectra 
into  two  distinct  bands  due  to  the  polarization  induced  by  the  localized 
spins.  It  is  the  purpose  of  this  paper  to  present  a  theory  in  which 
the  above  effects  may  both  be  incorporated,  together  with  the  shielding 
of  the  localized  spins  by  the  superconducting  currents. 

It  will  be  shown  that,  while  the  splitting  of  the  electron 
spectra  by  the  internal  fields  leads  to  a  more  complicated  functional 
form  for  the  superconducting  quantities  such  as  the  gap,  condensation 
energy  and  the  London  penetration  depth,  the  scattering  of  the  electrons 
by  the  localized  spin  fluctuations  may  be  realized,  in  the  inelastic 
limit,  by  a  simple  scaling  law  following  the  definition  of  an  effective 
coupling  constant. 


95 

In  addition  to  considering  the  effects  of  the  finite  field  this 
work  includes  a  somewhat  more  general  treatment  of  the  interactions  present 
in  the  Hamiltonian  than  presented  hitherto;  in  particular,  the  para¬ 
magnetic  interaction  between  the  electrons  and  the  magnetic  field  t  is 
included  together  with  the  self-interaction  of  the  electrons  with  the 
electron  spin  density  which  arises  through  the  phonon  mediated  BCS 
interaction.  Such  effects  are  included  to  provide  a  degree  of  complete¬ 
ness  to  the  work  and  while  they  do  not  contribute  substantially  in  the 
case  of  ErRh^B^,  for  example,  they  may  give  rise  to  important  phenomena 
in  other  materials.  Since  such  effects  may  be  included  simply  through 
a  redefinition  of  the  parameters  their  inclusion  does  not  affect  the 
essence  of  many  of  the  arguments  presented  here. 

From  the  Hamiltonian  of  Eq.  (4.1)  we  obtain  the  following  equa¬ 
tion  of  motion  for  the  electron  fields  ii>A  and  \p  • 

T  T 

i^t  =  £0(-1  K  ‘  "  6eF^  +  ^ B^  ' 

ijt  ^  =  eo("i  fic  ^  '  5eF^  +  ^ IM  "yB^  ’  '  ^4*3) 

The  BCS  interaction  may  be  treated  by  the  usual  Hartree  approximation 
to  give 

=  +  ^4,4) 
and 

J)  =  V<t|;  >\Jr  +  V<A  >i|»  .  (4.5) 

If  we  introduce  the  four  component  field  <|>(x)  defined  by 

r  \ 


<P  = 


(4.6) 
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wi  th 


icx2{i|jt}'t 


(4.7) 


the  equation  of  motion  may  be  written  as 

{i  -  e(-i  vKg  +  Aqti  -  =  { IM  -  -<IM  -  ygB>-a<f>  ,  (4.8) 


where  we  have  neglected  the  vector  potential  A  and  have  assumed  the 
applied  field  to  point  in  the  z  direction.  We  have  designated 

•j* 

<j>  Oj <j>  as  the  electron  spin  density  in  the  z  direction.  The  parameters 
y  and  aq  in  Eq.  (4.8)  are  given  by 

y  =  <{ IM  -  ubB  -  j  a}>-e3  (4.9) 

and 

A  =  V<^  (x)ip  (x)>  (4.10) 

O  +  T 

respectively.  The  quantity  aq  may  be  thought  of  as  the  bare  unrenor¬ 
malized  gap  and  y  the  effective  magnetic  field  experienced  by  the  con¬ 
duction  electrons.  It  consists  of  three  terms,  the  term  arising  from 
the  d-f  interaction  due  to  the  polarization  of  the  localized  spins,  the 
term  arising  from  the  dipole  interaction  with  the  magnetic  field  B  as 
well  as  the  self-interaction  with  the  electron  spin  density  arising  from 
the  BCS  interaction,  essentially  the  last  term  in  Eqs.  (4.4)  and  (4.5). 

The  spin  splitting  parameter  y  may  be  calculated  in  the  mean 
field  approximation.  We  begin  with  the  equation  of  motion  for  the  oper¬ 
ator  (t),  defined  as 


S^t) 


,  t 

(p  a.  <p 

l 


(4.11) 


which  is  given  by 


' 


<  . 


. 


Thus  we  have 


3t<R[ai(x)Sj.(t)]>  =  fi(t-tx) 


<[aj.(y),ai(x)]> 


y  =t 


A  3“^ 

d  y 


-  e.£k<R[a.(x) 


,3-> 


d  y  (IMjy)  -  yBB£(y))ak(y)]> 


(4.13) 


Here  R  denotes  the  retarded  operator  product.  Integrating  with  respect 
to  t  on  both  sides,  we  obtain  after  some  straightforward  algebra  that 


<a1(x)>  =  ^-{6.j,«ik-«.k6u}J 


d4y<R[aj(x)ak(y){IM£(y)  -  uBB£(y)}]>.  (4.14) 


Calculating  this  in  the  mean  field  approximation  we  obtain 


<CT.  (x)>  = 


d4y  X^(x-y)  {  I<M.(y)  -  y„B.(y)>}  , 

O  J  D  J 


(4.15) 


where  v  is  a  3x  3  matrix 

a 


xjj  (x-y)  =  J  {  5  j  j  [<R[aj<(x)ak(y)]>  -  <R[cjj  Cx)a.  ( y )  ]  > } 


(4.16) 


Thus  the  expression  for  y  may  be  written  as 


y  =  I<  M^>  -  Pg<B>  -  <  0-3  > 


{I-|  xf  (is))  {I<M3>  -  yB<Bj>} 


(4.17) 

(4.18) 


The  expression  for  the  magnetic  field  ff  is  obtained  from  the 
Maxwell  equation 


V  a  <  B>  =  <j>  +  4ttVa  (  <  M  >  -  y^<  1 p^a  ip>)  .  (4.19) 

The  calculation  of  the  macroscopic  current  <j>  in  the  superconducting 
state  is  by  no  means  strai ghtforward  owing  to  the  fact  that  the 
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appearance  of  the  order  parameter  means  that  the  phase  invariance  is 
spontaneously  broken. 

The  method  we  employ  in  this  analysis  is  based  on  the  work  of 
Umezawa  and  his  collaborators  and  has  been  used  extensively  in  the 
analysis  of  both  non-magnetic^  and  magnetic^’^  supercon¬ 

ductors.  The  technique  is  based  on  an  operator  realization  of  quantum 

el ectrodynamics  in  the  superconducting  state  using  the  multiplier  field 
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method  of  NakanishiL  J  and  Lautrap  .  The  basic  feature  of  the 

method,  peculiar  to  the  superconducting  state,  is  the  appearance  of  a 

gapless  excitation  in  the  multiplier  field.  The  positive  norm  part  of 

the  multiplier  field  is  referred  to  as  the  phason  or  phase  boson  while 

the  negative  norm  part  is  referred  to  as  the  ghost  field.  The  presence 

of  the  phase  boson  in  the  operator  structure  of  quantum  electrodynamics 

is  essential  since  it  can  be  shown  that  it  is  through  translations  of 

the  phase  boson  that  the  gauge  transformations  are  induced.  Perhaps 

the  most  important  consequence  of  this  is  that  the  manner  in  which  the 

phase  boson  couples  to  the  observable  quantities,  such  as  the  electron 

current  operator,  is  largely  determined  by  the  requirements  of  gauge 

invariance.  This  means  for  example  that  it  always  appears  in  the  gauge 

invariant  combination  {A  -  —  3  f(x)}  or  as  {e1*^*^2  ^(x)}.  Thus  we 

u  e  y 

find  for  example  that,  in  the  linear  approximation  we  have  the  follow¬ 
ing  expression  for  the  current  operator 

j(x)  =-\2  C(-iv){J(x)  -  y-  vf}  +  ....  (4.20) 

where  C(-iv)  is  a  non-local  kernel,  computed  from  the  photon  self-energy 
including  the  effect  of  the  collective  mode^’^,  and  A(x)  denotes  the 
vector  potential.  Thus  the  macroscopic  superconducting  current  may  be 


written  as 
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->  0  ->  -hr  -v 

<j(x)>  =-  C ( — i v )  {< A(.x ) >  -  —  v<f(x)>}+  ...  . 


(4.21) 


Now  due  to  the  gauge  invariant  nature  of  the  electron  field  operator. 


meter.  Thus  Eq.  (4.21)  expresses  the  superconducting  current  <j>  in 
terms  of  the  vector  potential  and  the  phase  of  the  order  parameter. 

Due  to  the  fact  that  the  phase  boson  always  couples  to  the 
observable  quantities  in  a  gauge  invariant  manner,  one  would  suppose 
that  it  would  not  give  rise  to  any  observable  phenomena.  Indeed  if  we 
combine  the  Maxwell  equation  Eq.  (4.19)  together  with  the  constitutive 
equation  for  the  superconducting  current,  Eq.  (4.21),  then  we  obtain 
the  following  expression  for  the  magnetic  induction  field  <B(x)> 

{V2  +  x72  c(-i  V)  }<B>  =  — x'2C(-iV)VAV<f>  +  4ttVa{<M>  -  yD<^+a^>}. 

L  C  L  d 


(4.22) 


From  Eq.  (4.22)  we  immediately  note  that  the  phase  boson  does  not  con¬ 
tribute  to  the  macroscopic  current  unless 


(4.23) 


V  A  V  <  f  >  f  0 


The  condition  expressed  by  Eq.  (4.23)  cannot  be  satisfied  if 
the  vacuum  expectation  value  <f>  (which  we  will  denote  simply  as  f  from 
now  on)  is  Fourier  transformable.  This  implies  that  the  function  f  must 
contain  certain  topological  singularities  in  order  that  the  phase  boson 
contribute  to  the  macroscopic  current  <j>.  While  a  variety  of  singular 
solutions  to  f  may  be  realized,  all  of  them  may  be  constructed  by  means 
of  a  linear  superposition  of  the  vortex  solutions.  The  single  vortex 
solution  corresponds  to  the  presence  of  a  topological  line  singularity 
in  the  function  f  of  the  form: 


- 
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f(x)  =  j  0[x-J]  (4.24) 

where  e[x-f]  corresponds  to  the  cylindrical  angle  measured  with  respect 
to  the  line  singularity  at  position  f.  The  extension  of  a  single  vor¬ 
tex  to  a  vortex  array  is  achieved  through  a  superposition  of  the  single 
vortex  solutions,  thus 

f(x)  =  e [x-f .. ]  (4.25) 

i 

is  the  phase  of  the  order  parameter  in  a  vortex  array  where  |\  now 
denotes  the  position  of  the  i Ln  vortex. 

If  we  then  define  the  vortex  density  as 

n(x)  =  VAVf(x)  =  e.  J  5(x-e.)  (4.26) 

then  Eq.  (4.22)  may  be  written  as 

(V2-  X~2C(i v)}<B(x)>=A~2C(-iv)n(x)4>  +  4ttV2{<M>-  \i^<o>} 

=  -  x72C(-iv)n(x)(f)  +  4ttV2  {  1  -  pRIx33}<M>  +  y2x334TTV2<B(x)>  (4.27) 

L  DODO 

where  we  have  assumed  all  the  fields  are  parallel  to  the  z  axis  and 
n(x)  =eBn(x).  Equation  (4.15)  was  used  to  obtain  Eq.  (4.27).  Thus 
we  obtain  the  following  expression  for  the  induction  field  <B(x)>  in 
terms  of  the  vortex  density  n(x)  and  the  magnetic  moment  <M>  as 

<B(x )>  =  {  (1  -  4irppX33)^  ■  "V  C(-iv) f't-X"2  C ( - i V )n ( x )<(>  +  4ttV2(1  -y  „Ix33)<H>} 

D  O  t,  C-  L  D  O 

L  (4.28) 


and  hence  that 


\ 
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U  =  -UR0  -  j  X^3){-0  -  47rygX33)v2  -  ^|_2C(-iv)}  1  XL2C(-i V ) n ( X ) <f> 

+  0  -jX33)n-4TryB(l  -  IyBX33)(-V2)(-(l-4Try2Bx^3)V2  +  X[2C(-iV))'*1}<M>  . 

(4.29) 

This  expression  for  y  may  be  written  in  terms  of  a  renormalized  d-f 
coupling  constant  I  and  the  bare  induction  field  £q(x)  created  by  the 
vortices  as 


u  =  I  <  M  >  -  e  3  -  y  B  B^o  ( x )  -  e  3  , 


(4.30) 


where 


I  Ml  -5-x 


V 

2  Aa| 


{i  -  4,T,JB(1  -  TT 


-V 


and 


f  (x)  =— 
°  -(1 


x[2C(-iv) 


4Try2xa)V2  +  X[2C(-iv) 


(l-47ry2Xa)v2  +  X[2C(-iv)- 


n(x)cj) 


(4.31) 


(4.32) 


In  most  situations  the  contribution  to  the  effective  field  y  from 
the  self-interaction  of  the  electrons  may  be  safely  neglected.  As  for 
the  paramagnetic  interaction  it  may  arise,  particularly  if  the  d-f 
interaction  coupling  constant  I  is  sufficiently  small,  that  the  contri¬ 
bution  from  the  localized  spin  and  the  dipole  interaction  may  be  of  com¬ 
parable  magnitude.  This  may  result  in  a  partial  cancellation  of  the 
magnetic  field  by  the  internal  field  if  I  is  positive.  Such  a  mechanism 
was  first  pointed  out  by  Jaccarino  and  Peter ^2^.  This  however  is  not 
believed  to  be  an  important  effect  in  ErRh^B^  for  example,  and  the  para¬ 
magnetic  interaction  may  be  safely  neglected.  Thus  Eq.  (4.30)  reduces 
to 

y  =  I<M>  -e3  (4.33) 


or  equivalently  that 
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I  = 


I  . 


(4.34) 


The  term  on  the  right  hand  side  of  Eq.  (4.8)  corresponds  to  the 
interaction  between  the  electrons  and  the  spin  fluctuations.  The  fluc¬ 
tuations  give  rise  to  self-energy  contributions  which  in  general  will 
serve  to  suppress  the  superconductivity.  Denoting  the  retarded  Green's 
function  S(p)  by 


;R{<f>(x)<|>+(y)}>  = 


(  2tt  ) 


dp  e 


1{p. (x-y)-pQCtx-ty )} 


s(p) 


(4.35) 


and  the  self-energy  £(p)  by 

S'1  (p)  =  PQ  -  e(p)t  +  Aqt-|  +  ya3  -  £(p)  ,  (4.36) 

we  obtain  to  lowest  order  the  following  expression  for  £(p) 


Kp)  = 


i2 


(2tt)' 


.3j> 
d  k 


dw  dv  l  p .  .  (w;k)a. ^(v;p-t)a. 
•j  •  3  J 


e(w+v) 


(e3w-l)(epv+l) 


,3v. 


_ ] _ 

( P0- V-  w  +  i £ ) 


(4.37) 

where  <$(p)  is  the  spectral  function  of  the  electron  propagator  S(p), 
that  is 


S(p) 


so  that 


dV  <J(v;p) 


p  -  v  +  ie 
o 


(4.38) 


<£{ PQ;p)  =  -  |  Im  S(p)  , 


(4.39) 


and  where  p..(k)  is  the  spectral  function  of  the  spin  spin  correlation 
■  3 


function 


<R{M.  (x)M  .(y)}>  =  — 

1  0  (2tt)4 


a  i k ( x-y ) -i k  (t  -t  ) 

4,  '  J '  o  x  y 


d  k  e 


xij(k) 


(4.40) 


so  that 


v 
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xi  j  C k ) 


dw  p. j(w;k) 


1 

k  -  w  +  i  e 
o 


(4.41) 


The  derivation  of  Eq.  (4.37)  is  tedious  but  relatively  strai ghtforward 
and  is  presented  in  Appendix  C. 

To  Evaluate  Eq.  (4.37)  we  assume  that  the  spectral  density  p..(k) 
may  be  written  in  the  hydrodynamical  form  as 


p .  . (w;k )  =  —  ^  . ( k ) 

^  *  w2  +  r2 

and  expand  the  thermal  weight  in  a  low  frequency  expansion; 


ee(w+v)  +  -j 


(e3v  +  l)  +  Bwepv  +  .. 


Bv 


(e3w  -  1 )  (epv  +  1  )  6w(l  -  £  6w  +  ...)(epv  +  1) 


.ev 


l 


,3V 


(4.42) 


1 


e3v  -  1 


+  0  (w ) 


IBW  2(eSv  +  1} 

The  self-energy  J(p)  may  then  be  evaluated  to  give 


Kp>— 1 


r2 


(  2tt  ) 


d3l< 


dv  *f(v;p-k)  l  x1i  (k )  <3 


1-1  1 


e3V-l 


(4.43) 


ir 


P0-V  +  ir  2(e3V  +  l)  P0-v+iri' 

(4.44) 


There  are  two  limiting  cases  where  the  self-energy  £(p)  assumes 
a  rather  familiar  form.  In  the  extreme  elastic  limit  r  +  0,  the  gap 
equation  reduces  to  the  result  for  the  impurity  case,  while  in  the 
extreme  inelastic  limit  r  +  °°  the  expression  for  the  self-energy  reduces 
to 


Kp)  =  - 


I2 


(2tt  ) 


d  ¥ 


dv  <f(v;p-k)  l  Xii  (k ) 


e3v-1 

,3V 


(4.45) 


i  2(ep  + 1 ) 

which  was  first  considered  in  ref.  [127]  and  further  analyzed  in  ref. 
[128]  and  provides  the  starting  point  for  our  discussion. 
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Defining  the  renormalized  gap  A ( p )  as 

[t3,S-1(p)]  =  2ix2A(p)  ,  (4.46a) 


then  using  the  approximations  outlined,  we  obtain  the  following  equation 
for  the  gap  in  the  extreme  inelastic  limit 


f  d3l<  rw  ;2r  ,±  TtM  A(1c)  If.  u6(E(k)  +  y)  t 

A  ( p )  =  - o  {  V  -  I  )  x-»4  ( p-k )}  —  v -J-  yi  tanh'  ' — — +tanh 

J  (2t r)J  1  11  2E(I<)  *  l  ^ 


£(E(k)  -  y) 


(4.46b) 


In  order  to  simplify  the  above  equation  we  approximate  A ("p )  by  its 
average  value  on  the  Fermi  surface  and  use  the  effective  coupling  cons¬ 
tant  approximation.  Thus  Eq.  (4.46b)  reduces  to 


1  =  g(T;H)N(0) 


de  \  {1  -  fp(E  +  u)  -  fF(E-y)} 


with 


(4.47) 


E 


(4.48) 


where  the  effective  coupling  constant  g(T;H)  is  given  by 


g(T;H)  =  — —p 
(  4tt  ) 


P I  =  I  k  I  =k, 


dfi  d!Jk(V-  I2  I  Xll-  C.P-1?)}  ,  (4.49) 


with  the  H  dependence  of  g(T;H)  arising  from  the  H  dependence  of  x.. 
The  equation 


CO  > 


1  =  gN(0) 


de  ^{1  -  f (E  +  y )  -  f(E-u)} 


(4.50) 


0 


r  1 2  9 1 

has  been  studied  in  detail  by  Sarma  .  The  resultant  gap  can  be 
written  in  terms  of  a  two  parameter  function  which  we  will  denote  by 
£(t;u) 


' 


-  1 


' 
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A(T;y;gN)  _  <zwt.n 
A’(gN)  " 

and  which  is  given  as  the  solution  of 


(4.51  ) 


log^(t;y)  —  £  ( t ;  y )  ; y| 


(4.52) 


with 


+oo 


$1  {x;y} 


t  Re 


-2  1 


dz  ln{  z  +  iz  -  1  }  cosh  j  (xz  +  y  } 


(4.53) 


The  integrand  is  calculated  along  the  contour  shown  in  figure  2  with 
the  branch  line  running  between  z=-l  and  with 


lim  In  {z  +/z  +  1  }  =  1  n { u 
v-*0 


+  A/- 


1  }  for  u  >  1 


(4.54) 


where  z  =  u  +  iv.  AQ(gN(0) ;tu^)  is  given  by 


Ao(gN(0);wD)  =  2wd  exp-^gj 


(4.55) 


y  is  given  by 


y  =  Ao(gN(0);a.D) 


(4.56) 


and  t  is  the  reduced  temperature 


t  =  T/T 


(4.57) 


We  then  find  therefore  that  the  solution  to  Eq.  (4.47)  may  be 
obtained  simply  by  scaling  the  solution  of  Eq.  (4.50),  i.e. 


A^TAU(g(T;^0))°^  =  s(t;H)^(t/s(t;H);y/s(t;H))  , 


(4.58) 


where 
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s(t;H)  =  exp{g(Tc;0)N(0)  '  g(T;H)N(0)} 

U  =  y/4o(g(Tc)N(0);MD) 

and  we  have  normalized  the  gap  by  A  (g(T  ),0).  The  calculation  of  the 
scale  factor  together  with  an  illustration  of  the  resultant  temperature 
dependent  gap  will  be  presented  later  in  this  section. 

Similar  approximations  may  also  be  used  in  the  calculation  of  the 
free  energy,  however  in  the  case  of  the  free  energy  particular  care  must 
be  taken  to  ensure  that  certain  contributions  are  not  double  counted. 

For  example,  the  localized  spins  renormalize  the  superconducting  elec¬ 
trons  while  in  turn  the  superconducting  electrons  modify  the  behaviour 
of  the  localized  spins.  Now  while  both  effects  must  be  included  in  the 
calculation  of  the  free  energy,  they  both  originate  from  the  same  term 
in  the  Hamiltonian  and  thus  care  must  be  taken  not  to  include  such  terms 
twice.  The  approach  used  in  this  work  is  to  separate  the  Hamiltonian 
into  an  electronic  magnetic  and  electromagnetic  contribution. 


(4.59) 

(4.60) 


J^(x)  =^-|(x)  +^M(x)  +'^E|v|(x)  >  (4.61) 

where 

^-el  E  *V-1v)*  "  "  \  *  "  gjuBB}*^^  (4-62) 

JSM  =  +  B}-3  (4.63) 


and 


& 


1  ,->,2  ,->,2  ->  fir  1  ->  -> 

EM  =  5F{  IEI  +  |Br>  +  j-{A-^-  gjyB*%}-B 


(4.64) 


where  we  have  divided  the  mutual  interaction  terms  equally  between  the 
three  contributions  (e.g.  j  is  included  in  jf  ,  and  j  is 


- 


^  n  I 
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included  in  *#^).  The  expression  for  given  in  Eq.  (4 .64),  contains 

the  contribution  from  the  phase  boson.  This  arises  from  the  gauge  in- 

ji  c 

variant  substitution  -  —  a^f (x)  in  the  expression  given  in  Eq. 

(4.1).  Correspondingly  we  define  and  as 


1 

V 


x  < 


el 


>  e  U 


el 


* 


1 

V 


dBx  <  J^M  > 

M 


and 


1 

V 


d^x  <ifrM> 
EM 


(4.65) 

(4.66) 


(4.67) 


Each  of  the  above  terms,  and  ,  may  then  be  evaluated  using 

the  renormalized  quantities  making  the  appropriate  subtractions. 

In  the  case  of  the  electronic  degrees  of  freedom  this  is  best 
achieved  if  we  rewrite  the  equation  of  motion  Eq.  (4.8)  in  terms  of  the 
renormalized  or  subtracted  quantities 


{1  ft  - 


( -  i  v ) 


t3 


+  Ax- 


ya3>cj) 


=  F 


(4.68) 


where  A  is  the  renormalized  gap  obtained  from  the  solution  of  Eq.  (4.47) 

and  F±  is  given  by 

<p 


+  (IM3  '  9 j^bB3  "  +  2(IM_  -  guBB_)tjj+  -  Aip J 

(IM3‘  VbB3"  yK  +  2^IM+'  9^BB+K  +  A^ 

^IM3"  9JuBB3"  3K"  2^IM_"  9^BB-^t  "  AllJi 

.  +  Cim3“  9jyBB3'  +  2(IM+-  9^BB+^I  "  Alp+  > 


-  j. 


(4.69) 


— ■  " 
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This  allows  us  to  write  -j  ,  given  by  Eq.  (4.62)  in  terms  of  the  renor¬ 
malized  quantities  as 


d  x  &el  =  V 


+  — 


d3k 

(  2tt  ) ' 

1 3  ->• ,  f 


(e  +  y)  + 


.3+ 


d°x  <J) 1  {e (-i V )t^  ~  At-j  -  +  2"  d^x  (jMjgcJ) 


i3->  ,f 


|\3+  f ,+ 


t 


-t 


-t 


d  x*  t^  +  j  d  x{+1F  +*2F^-4,3F^-4>4Fi)i<} 


(4.70) 


Taking  the  thermal  expectation  value  we  obtain 


1  ^3  d 

V  d  x  <  V  - 


d3k 


3  (e  +  y)-— 1 -j  C+d\  Tr<S(k){e(it)  -  ix, 
(2tt)  (2tt)  ^ 


ya3> 


4 


d3k  Tr{ (ya^  +  At-j  )S(k  ) }  +  d3x  Re<(J)  F  > 


(4.71) 


The  last  term  in  this  expression  represents  the  contributions  to 
the  internal  energy  arising  from  the  renormal ized  electron  self-energy 
correction.  If  we  now  calculate  the  electron  self-energy  and  the 
corresponding  propagator  in  the  manner  outlined  in  Appendix  C,  then  this 
term  will  not  contribute  since  the  self-energy  and  the  counter  terms  A 
and  y  will  exactly  cancel  this  contribution.  The  resultant  expression 
for  the  electronic  contribution  to  the  internal  energy  is 


1_ 

V 


d  x<„V  = 


{(e  -  E)+fj-  {1  -  f  (E-y)  -  fp(E+y)}  +  (E-y)f(E-y) 
(2ti)  '■ 


-  (E+y)fp(E+y)  +  \  {fp(E-u)  -  fp(E+y)} 


(4.72) 


The  entropy  of  the  electronic  states  may  be  computed  to  give 


=  e 


-i 


d3k 


+  6 


-1 


(2tt  )' 
d3k 


(2ir )' 


[f(E+y) log  fp(E+y)  +  {1  -  fp(E+y  )> log(l  -  fp( E+y ) )] 

[f (E-y)  log  f p( E-y )  +  {1  -  fp(E-y)}log(l -  fp(E-y))]  . 


(4.73) 


■> 
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Thus  we  obtain  an  expression  for  the  electronic  free  energy  F  -j  , 


as 


ff 1  s 


el 


5 


to  be  given  by 


-^7  [e  -  E  +  C-  0  -  f(E-u)  -  f  (E+u) )  + 

J  {2irj  2E 


+  b’1  (log(l  -  fp(E-u))  +  log(l  -  f(E+y))}  +|-{f(E-y)  -  f(E+y)}], 


where  the  superscript  s  denotes  the  superconducting  state  (i.e. 
A  similar  calculation  in  the  normal  state  (i.e.  a  =  0)  yields 


[s-1  {log(l  -  fp(e  +  ii))}  +  {1og(l  -  f p(e  -  u))> 

J(2,rr  F 

+  2*  *  fp(£  “  u>)  -  fpU  +  y)>]  • 


We  now  obtain  an  expression  for  the  field  dependent  condensation 
H2 

57  (T;H),  defined  by 


Hc(T;H)  N  s 

c  =  Fq-|  (T;H)  -  F^(T;H) 


8tt 


el 


U) 


D 


=  2N(0)  de[e-  E-^_- 
0 


2  ^  2 


2E  (fp(E-y)  +  fp(E+u)  } 


+  2efF(e)  +  f { fp(E-y)  -  fp(E+y)}] 


=  2N(0)[}a2-^-S-2  + 


f2  2 

de  { f p ( E-y )  +  fp(E+y  )} 


0 


ii 

2 


de  { fp(E-u)  -  fp( E+y ) }] 


defi ned 

(4.74) 

(4.75) 

*  t  0). 

(4.76) 

energy 


(4.77) 


The  above  condensation  energy  reduces  to  the  BCS  result  in  the  limit 
H -+  0  and  y  ■>  0. 


no 


As  in  the  discussion  of  the  renormalized  gap  A,  the  effect  of 
the  temperature  and  field  dependent  effective  coupling  constant  may  be 
realized  through  the  scaling  of  a  two  parameter  function 


H  (T;H) 

-  =  s(t;H) J4(t/s(t;H);y/s(t;H))  , 


H. 


(4.78) 


co 


where 


3 yi  &(t  ;u) 


-Y 


■Y 


3.B  (t  ;y)  ,,  r  ire  '  <* /4.  - ■*  -ne  -n 
- 2  ^3  ■[  r  t  ju ) ;  — —  y} 

7T 


(4.79) 


Here  the  functions  $(t;y)  and  s(t;H)  are  those  defined  previously  in 
Eqs.  (4.52)  and  (4.59).  The  functions  $g(x;y)  and  $^(x;y)  are  given  by 

+CO 


$3(x;y)  =  \  Re 


/  2  ,  u-2  1 

:/z  — 


dz  z/z  -1  cosh  ^ -{xz  +  y} 


(4.80) 


and 


+oo 


$4(x;y) 


f  Re 


dz 


J7~ 


-2  1 

1  cosh  ^  { xz  +  y  } 


(4.81) 


while  the  normalization  factor  H  is  given  by 

co  a 


=  / 4irN(0)A2(g(Tc  ;0 ) ) 


(4.82) 


where  A  is  given  by  Eq.  (4.55)  with  g  replaced  by  g(T  ;0).  The  inte- 
0  c 

grand  in  and  is  defined  in  a  manner  analogous  to  . 

The  contribution  to  the  internal  energy  from  the  localized  spins, 
,  may  be  easily  calculated  in  the  mean  field  approximation  as 

j  <M>yQ (-i v)<M>  -  ■-  {  I<ip^aip>  -  <B>}*<M>  ,  (4.83) 


while  the  entropy  may  be  calculated  to  give 


' 


Ill 


e_1SM  =-  e"1  N  log  Zj{9jJviB  I I  }  ■  Hwr-<M>  » 


MF 


(4.84) 


where  J  is  the  spin  of  the  localized  spin,  g  the  Lande's  g-factor, 

J 


zj(x)  = 


•  u  1 

sinh  x 


sinh 


1 


2J  +  1 


and  H^p  denotes  the  mean  field  experienced  by  the  localized  spin  and  is 


given  by 


Hj^p  -  YQ(-iv)<M>  +  <B>  + 


(4.85) 


The  contribution  to  the  free  energy  from  the  localized  spins  is  there¬ 
fore  given  by 


FM  E  V  3"1sm  =  ^  3_1Nlog  Z  Jg  ,JuRB  |  HMtr| ) 


JM  2 


MF 


J  aJ  B  1  MF 


(4.86) 


Details  regarding  the  calculation  of  <M>,  <a>  and  H^p  will  be  presented 
later  in  the  discussion. 

The  contribution  to  the  ground  state  energy  from  the  electro¬ 
magnetic  field  may  be  calculated  by  replacing  the  fields  by  their 
thermal  average.  Thus  we  obtain 


EM  8tt  VJ 


=  Jr  tt  d3x  (|<E>|.^  +  |<f>|^)-^<j> .  (<A>  -  vf )  -  J  (<M>  -  guB</a^> )  -<B>  , 

(4.87) 


which,  after  some  manipulation  involving  the  Maxwell  equations,  may  be 
[7] 

written  as 


U 


EM 


d^x  <H> •  —  V»7f 
e 

V 


d^x  <ft> 


n  <|> 


(4.88) 


(4.89) 
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in  the  case  of  the  superconducting  state,  where  n  denotes  the  vortex 
density,  $  =  fic/2e  and  H  is  the  internal  magnetic  field  defined  by  H = 

y  4-_y 

B  -  4tt(M  -  Ugtp  oip).  This  above  expression  illustrates  the  well  known 
statement  that  the  vortex  interaction  is  simply  given  by  the  vortex 
magnetic  field. 

In  the  normal  state  we  obtain 


(4.90) 


Combining  the  preceding  expressions,  we  obtain  the  complete  ex¬ 
pression  for  the  free  energy  in  the  mixed  state  to  be 
h2 

Fs  =  -  87  +  57<»>-'’*  +  r'V>  '  B"lN1°9{9jJlJBBl]?MFl}  +  Ecore-(4-91) 

The  last  term  in  Eq.  (4.91),  E  ,  corresponds  to  the  effect  of  the 
vortices  on  the  energy  spectra  of  the  superconducting  electrons.  It  is 
calculated  in  the  manner  outlined  in  ref.  [7].  It  should  be  noted  that 
the  above  expression  has  an  identical  form  to  that  presented  in  ref. [28], 
although  the  calculation  of  the  individual  terms  is  somewhat  more  com¬ 
plicated  due  to  the  effects  of  the  finite  fields  and  magnetization 
arising  from  the  d-f  interaction. 

Before  going  on  to  evaluate  the  magnetization  and  the  magnetic 
susceptibilities,  we  discuss  the  calculation  of  the  London  penetration 
depth  and  the  non-local  kernel  C(-iv)  introduced  in  Eq.  (4.20).  In 
the  case  of  the  London  penetration  the  calculation  is  reasonably 
straightforward,  since  using  the  approximations  introduced  in  the 
analysis  of  the  renormalized  gap  and  the  condensation  energy,  we  may 
obtain, by  a  procedure  similar  to  that  presented  in  ref.  [1 ] , the  follow¬ 
ing  expression 


' 
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\2(T;H) 

a"2 

Lo 


=  1  + 


de  {-fe  f(E  +  y)+^-  f(E-  y)} 


(4.92) 


0 


where  the  normalization  factor  A.  is  defined  as 

Lo 


-2 

lo 


87re2V^.N(e^) 


3fic‘ 


(4.93) 


where  denotes  the  Fermi  velocity  and  N(e^.)  the  density  of  states  at 
the  Fermi  surface. 

As  with  the  preceding  calculations  the  effect  of  the  temperature 
dependent  coupling  may  be  realized  through  the  scaling  of  a  two  para¬ 
meter  function.  Specifically  we  have 


X[2(T;H) 


=  Z'2(t/s(t;H);  ia/s  (t  ;H) )  , 


A 


-2 

Lo 


(4.94) 


where 


X’2(t;ii) 


■ 1  -  *2 


-y 


Tre 


■Y 


w 


(4.95) 


with 


+00 


3>2(x;y)  =  f  Re 


dz 


z  . -2  1  /  ,  x 

cosh  j  (xz  +  y) 


/z2-  1 


(4.96) 


Here  the  integrand  in  $2  is  defined  in  a  manner  analogous  to  . 

The  evaluation  of  the  non-local  kernel  C(-iv)  is  somewhat  compli¬ 
cated  since,  as  pointed  out  earlier,  it  involves  the  calculation  of  the 
photon  self-energy  including  the  effect  of  the  collective  mode  or 
phason^  ,2^ .  While  the  calculation  up  to  One  loop,  in  the  manner 
presented  in^’2^,  is  possible  using  similar  approximations  to  those 
introduced  in  the  calculation  of  the  renormalized  gap  and  condensation 
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energy  the  resultant  expression  is  of  such  a  complicated  form  as  to  be 
of  little  practical  value.  However  the  results  of  the  calculation  shows 
that,  while  the  effect  of  the  spin  fluctuations  included  in  the  coupling 
constant  renormalization  may  be  realized  by  means  of  a  simple  scaling 
of  the  non-magnetic  result,  in  a  manner  entirely  analogous  to  the  pro¬ 
cedure  given  for  the  calculation  of  the  renormalized  gap  A  and  the 

2 

condensation  energy  H  ,  complications  arise  due  to  the  presence  of  the 
effective  splitting  parameter  y  in  the  thermal  distribution  functions. 
However  since  the  thermal  distribution  functions  do  not  contribute  at 
zero  temperature,  the  result  for  the  non-local  kernel  C(-iv)  at  zero 
temperature  may  be  obtained  simply  by  scaling  the  results  for  the  non¬ 
magnetic  case  presented  in  ref.  [26]  in  a  manner  entirely  analogous  to 
the  scaling  presented  in  the  calculation  of  the  gap  and  the  condensation 
energy. 

However,  since  we  expect  the  effect  of  the  d-f  interaction  to  be 
most  pronounced  at  lower  temperatures ,  it  is  reasonable  to  suppose  that 
such  complications  may  be  avoided  simply  by  extending  the  scaling  argu¬ 
ment  at  zero  temperature  to  finite  temperature.  In  essence  we  are 
assuming  that  the  correlation  length  5  is  related  to  the  inverse  of  the 
superconducting  gap  A,  which  is  at  least  qualitatively  correct.  There¬ 
fore  based  on  the  results  of  ref.  [26],  we  can  write 


C(1t)  =  exp  -  v{|ic|s(T;H)}n 


(4.97) 


where 


v  =  -0.4527  g(T;H)N(0)  +  0.559 


(4.98) 


n  =  -0.7857  g(T;H)N(0)  +  2.207 


(4.99) 


and 
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5(T;H)  - 
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a(tThT 


(4.100) 


We  now  turn  our  attention  to  the  evaluation  of  the  magnetization 
M,  the  splitting  parameter  y  and  the  transverse  and  longitudinal  suscep¬ 
tibilities  in  the  case  of  a  finite  field.  The  magnetization  B  is 
easily  calculated  in  the  mean  field  approximation  as 


:M>  =  g j^BJNB j{ BgjPg lHMF| } 


(4.101  ) 


where  J  is  the  spin  of  the  localized  spin,  g.  the  Lande  g  factor,  N  the 

J 

density  of  magnetic  ions,  Bj  the  Brillouin  function  and  H^p  is  given  by 


H^p  =  <B>  +  YQ(-iv)<M>  +  I<\j j^a\p> 


(4.102) 


The  thermal  average  of  the  electron  spin  density  may  be  obtained,  even 
in  the  case  of  finite  polarization,  from  Eq.  (4.14) 


<i|;t(x)a^(x) 


>  = 


d4y  xa(x-y)(I<M(y)>  -  yB<B(y)>)  , 


(4.103) 


where  xa(x-y)  is  a  3x3  matrix  given  by  Eq.  (4.15) 


X  (x_y )  4  4  =J  {<R[  l  ak(x)a.  (y)]>6  -  <R[a.(x)a.(y)]>}  ,  (4.104) 

a  i  J  £  i.  ^  k  1 J  J  I 


where  R[  ]  denotes  the  retarded  product.  Since  the  quantities  <M>  and 
<B>  are  independent  of  time,  then  Eq .(4.1 03 )  reduces  to 


<4>  a\ p>  =  x  {I<M>  -  yD<B>}  , 
a  d 


(4.105) 


where  xa  denotes  the  static  spin-susceptibility  of  the  electron  calcu¬ 
lated  in  the  presence  of  the  finite  field.  The  expression  for  the  mean 
field,  Eq.  (4.102)  may  then  be  written  as 

HMF  =  ^  "  IxayB^<B>  +  {V-iV)  +  JV<M>  * 


(4.106) 
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Since  <B>,  <H>,  <M>  and  <\p  cnp>  are  related  through 


(4.107) 


the  expression  for  the  mean  field  may  be  written  in  terms  of  H  and  M  as 


}  <M  > 


(4.108) 


If  we  neglect  the  paramagnetic  interaction,  then  the  above  expression 
simplifies  to  give 


(4.109) 


In  the  case  of  ErRh^B^  we  assume  that  Eq .(4.101 )  together  with  Eq. 


(4.109)  determine  the  magnetization  as  a  function  of  the  field  <H>  once 

x  is  specified. 

o 


calculated  in  the  superconducting  state  and  the  normal  state  is  insig¬ 
nificant  and  may  therefore  be  neglected.  This  assumption  is  based  on 
the  results  of  the  Knight  shift  measurements  and  is  generally  attributed 
to  the  effects  of  the  spin  orbit  scattering.  Furthmore  when  y  is  small 
compared  to  coD  the  variation  in  the  density  of  states  may  be  ignored 
and  hence 

*:  =  *!  =  *!  .  • 
y=0 

The  calculation  for  the  susceptibility  of  the  localized  spins  is 
somewhat  more  complicated  and  is  best  achieved  by  means  of  a  linear  res¬ 
ponse  type  argument.  To  this  end  we  modify  the  original  Hamiltonian  by 


•VI 


. 
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spins.  This  will  produce  a  change  in  the  fields  <3>,  <M>  and  <4;  a\p>, 
which  we  denote  by  6b(x),  6m(x)  and  5 a(x)  respecti vely .  The  quantities 
6b,  6m  and  6a  are  not  however  independent  but  are  instead  related 
through  the  following  equations; 


{-v2  +  x[2C(-iv)}6^  =-  4ttV2{ 6rn  -  uB6a} 


6m3  "  T  aJ^5hMF'e3^  * 


— >■  ->■  ->■  ->• 

6m  a  H,.r  =  <M>  a  6h,.r 
MF  MF 


(4.111) 

(4.112) 

(4.113) 


and 


6a  =  x  { I6m  -  yD<St)}  » 

a  d 


(4.114) 


where  C  denotes  the  Curie  constant,  6h^p  denotes  the  change  in  the  mean 
field  induced  by  the  external  field  5hext(x)  given  by 


6hMr  =  6b  +  y  (-1v)6rn  +  16a  +  6h  . 
MF  'o  ext 


(4.115) 


and  where  cij  is  given  by 


.  .  9iUrJ 


_  3J  n •  f  3JMB'  in  I, 
a,  -  -m-  B  ,  {  — n— t-  IHhf|} 


J  +  l  J  kBT 


(4.116) 


From  Eqs.  (4.111)  and  Eq.  (4.114),  6b  and  6a  may  be  eliminated  from 
Eq.  (4.115)  to  give 


sffMF  =  y(-i»)«S  -  «Rext 


(4.117) 


with  y  given  by 


y(1c)  =  y{t)  -  4tt 


(1  -  VO' 


C(it) 


(1  -  yB4^xa)  (1 


4TnJBxa)AL 


+  C(lc) 


(4.118) 


and  y{t)  given  by 
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0  ■  >Vx„) 

Y ( k )  ■  T  C k )  +  I  X  +  4lT  - M—  .  (4.119) 

°  0  1  -  4tt p‘X 

d  a 

The  second  term  in  Eq.  (4.118)  corresponds  to  the  effect  on  the  effec¬ 
tive  coupling  arising  from  the  persistent  current.  Thus  we  see  that  the 
shielding  of  the  localized  spins  by  the  persistent  current  is  contained 
in  our  calculation.  Equation  (4.117)  together  with  Eq.  (4.112)  and 
Eq.  (4.1 1 3)  yield 


with 


sm  =  x(-iv)6^ext  , 


^MF 

<M> 


^HF 

<M> 


(4.120) 


(4.1  21) 


which  may  be  inverted  to  give 

Cot . 

L33 


Xoo(k)  = 


T  -  aJCY33(k) 


(4.122) 


and 


Xii(t)  = 


1 


H 


MF  (t\ 

-  Y  ( k ) 


for  i  =1,2 


<M>  'ii 


(4.123) 


Parameterizing  y.^(k)  as 


y  .  •  (it)  = 
'  n 


r(i) 

j D.  i-j>,  2 

C  "  C  1  1 


(4.124  ) 


we  obtain 


• 


119 


x33(k)  = 


and 


— —  +  D|i<|Z  +  4trC  1  ”  'J®IXa 

aj  m  11 


c(lt) 


(4.125) 


1  -  47rygX0  (1  -  47rygXa)  +  C(it) 


ii^  l-i 


'll’  '  1  -uRIx„  C<H,>  /,,  -  1  -  U|Jx„ 

- M-— ^-+{Tl3)-T(1,J+D|i<|Z+4^C  - 2_2 

■i  a  £  is  mm 

l-4nyBXa  <M3> 


Ml 


l-4nyBxo  (l-4irygX0)  |1<|2A2+C(?) 


for  i  =  1  ,2  . 


(4.126) 


When  we  neglect  the  paramagnetic  contribution  the  analysis  simplifies 
somewhat  and  we  obtain 


x33(k) 


and 


X  .  t(3) 

a ,  m 


D|t|2  -  4ttC 


cat) 


(4.127) 


*,2X2  +  C(lf) 


xii (lt)  = 


SX3)-Tii)}  +  Dl*l2  +  4*c,7xrI 


for  i  =  1,2 


ItlX  +  cOt) 


(4.128) 


respectively. 

Equations  (4.125)  and  (4.126)  together  with  the  limiting  cases 
Eq.  (4.127)  and  (4.128)  illustrates  how  the  effect  of  the  finite  field 
modifies  the  calculation  of  the  spin  susceptibility. 

The  expressions  given  by  Eqs.  (4.127)  and  (4.128)  represent  the 
generalization  of  the  result  of  ref.  [14]  to  the  finite  field  case.  The 
last  term  in  the  denominator  represents  the  effect  of  the  shielding  of 
the  localized  magnetic  moments  by  the  persistent  current.  As  was  shown 
in  ref.  [14],  in  the  zero  field  limit,  the  susceptibility  given  by  Eqs. 
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(4.127)  and  (4.128)  will  diverge  at  some  finite  momentum  1c  =  5  at  some 
temperature  Tp  <  Tm  ,  giving  rise  to  the  appearance  of  the  spin  spiral  or 
sinusoidal  phase.  The  divergence  at  T =  Tp  results  in  an  infrared  diver¬ 
gence  in  the  calculation  of  the  coupling  constant  and  the  quenching  of 
the  superconductivity  at  some  temperature  T>Tp.  In  order  to  avoid  such 
a  catastrophe,  we  modify  our  expression  for  the  function  y ( k )  given  in 
Eq.  (4.124)  to  include  the  effect  of  the  anisotropy  in  the  momentum  de¬ 
pendence.  We  therefore  replace  Eq.  (4.124)  with 

t(d 

•  -J—  -  §{1  +  |c(l  -cos20)}|j<l2  ,  (4.129) 

where  0  denotes  the  angle  between  the  vector  5  and  the  momentum  it. 
Equations  (4.127)  and  (4.128)  then  become 


x33 ( k )  = 


—  -  f3)  +  D{1  +  fa(l 


a 


-  cos2e)  }  |]<  |  2  +  4ttC 


Ml 


(4.130) 


I  lt|2X2  +  C(lt) 


xii  ^  '  C<H~> 


(3)  T(i) 


<M~>  +  "  "*m 


}  +  D  {1  +  2-a(l 


cos20 ) }  |it  | 2  +  4?rC 


cm 


|lT|2x2  +  c(i<) 


(4.131) 


for  i  =1,2,  respectively. 

With  the  finite  field  susceptibilities  given  by  Eqs. (4.130)  and 
(4.131),  we  can  calculate  the  coupling  constant  g(T;h)  using  Eq.  (4.49) 
in  the  London  limit  (i.e.  C ( k )  = 1 )  as 


g(T;h)  =  -L 
4k^ 


4ki 


da 


d  cose 


F  0 
2 


0 


V-  I2 


—  -  T(3,  +  D(l  +a|(l  -  COS2m))J2+^5— 

°J  "  2  A2+l 


•C<H3l+{T(3).T(i)}+D(1+3  (1.cos29))42  +  I 
mm  i  ^‘tl 


<M3> 


(4.132) 
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The  presence  of  the  anisotropy  term  ensures  that  for  T  >  Tp  ,  the 

coupling  constant  g(T;h)>0  for  a  certain  range  of  parameters  and  hence 

that  A  remains  finite  at  T =  T  .  Furthermore  calculations  show  that  for 

P 

T >  Tp  little  error  results  in  the  calculation  of  the  coupling  constant 

3  2 

if  the  anisotropy  term  ^-aO  -  cos  s)  is  replaced  by  its  angular  average. 


l  .e. 


3  2 

2  a  {1  -  cos  6}  -  a  , 


(4.133) 


and  thus  Eq.  (4.132)  reduces  to  give 


g(T;H)  =  -U 
41c 


4Kp 


d£ 


F  0 
2 


v  -  r 


a 


m 


D(l+aH2+  4,lC 


A2  +  1 


-  I  I 


i  ^3l  +  T(3).T'1)  +  D(l+a}£2+^M_ 


(4.134) 


This  may  be  integrated  to  give  an  analytical  expression  for  the  effec¬ 
tive  coupling  constant  at  finite  field  as 


g(T;H)  =  V  -  I2  {g,  {e|f)(t;H)}+  £  G. 

<■  J  11  1=1  ,2  1 


,  (4.135) 


where 


G/.  \(e)  =  ryi  <jlog( 

87tdi1}(l+a)  t 


(1)  r  d^  (1+a)  +  d  j.1  ^  (e+d  ^ 1  ^  (1  +a ) )  +  d  ^ 1  ^  (e+C^ 1  ^ ) 


d(i)(e  +  C(i)) 


+  (d(l)(l  +  a)  -  e)I(l)(.e) 


(4.136) 


with 


/•\  -j  2d^(l  +a  )+(dV  1  ^  (1  +a)  +  e)-XT77Te)  d  ^ 1  ^(1  +a )+e+vfo/ .  \  (e  ) 

1  (£ ) =  ~ — — m - m - /  ~~~~  th - • 

^(e  )  [  2d^.  (l+a)  +  (d  ( 1  +  a)+  e)+/fi^ .  ^  (e)  d  (l+a)  +  e-  ^(e 


(i) 


i(i)/ 


for  j(e)  >  0 


(4.137) 
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and 

i(i)U)=  1 


)(e) 


,  2d^(l+a)+d(l)(l+a)+e 
tan’  - 


/^T^T 


-  tan 


-1  £  +  d  ^ 1 '^ ( 1 +g  )  1 


for  . j (e)  <  0 


(4.138) 


with 


fi,.  j(c)  =  U+d^1  *(l+o)  +2/d(l  ^l+aJC^Xe-d^  *(l+a)  +  /d(l  ^l+aJC1' f)  . 


The  parameters  d  dp'^  and  are  defined  as 


r(U  -  4rC  .  ,(i)  _  D  ,(i)  4DkF 

C  -7TT  ’  d  '7TT7’  dF  -7m 

m  L 


m 


m 


and  e^(t;H)  and  ej^(t;H)  are  given  by 


(4.139) 


TW 

t  c 


-  1 


-m  “  1 

m  J 


and 


Tin  <m3> 

m 


.  i  +  -  T^1  ^ 

m  m 


(4.140) 


(4.141) 


We  rewrite  g(t;H)  in  terms  of  the  renormalized  coupling  constant 

g ( 1  ;0 )  which  is  defined  at  T  =  T  and  H  =  0.  Equation  (4.135)  then 

0 

becomes 

g(T;H)  =  g(l  ;0)(  1  -  ^jyy  {G(3){ej2)(t;H)}  -  G^iej^O  ;H=0)}}| 

~  2 

-fI  ifry{{s(i){E(Ll)(t;H)}-s(i-){e(Li)(1;H=o)}}}-  (4J42) 


We  note  that 

(1) 


e  i  ■  ’  ( t ; 0 )  =  e^(t;0) 


4- 

O 


e(1)(t)  .ijjj-  1} 
m 


(4.143) 
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The  renormalized  coupling  constant  g ( 1 ; 0 )  is  given  by 


g(l;0)  =  V  -  i2  l  G(i){c(l)(l)}  , 


(4.144) 


where 


e^tD+d^'o+c.) 


(4.145) 


Here  we  used  the  fact  that  X.  and  at  T  =  T  . 

L  c 

With  the  effective  coupling  constant  given  by  Eq.  (4.142),  the 
scale  factor  s(t;H)  may  be  computed  from  Eq.  (4.59)  and  the  supercon¬ 
ducting  quantities  calculated  from  the  scaling  laws  presented  earlier. 
In  the  discussion  so  far  we  have  shown  in  some  detail  how  the  effect 
of  the  d-f  interaction  on  the  superconducting  properties  such  as  A,  X^ 
and  Hc  may  be  calculated.  In  particular  it  has  been  shown  how  the 
effect  of  the  spin  fluctuations  may  be  realized  through  a  simple  re¬ 
scaling  of  certain  two  parameter  functions.  It  is  perhaps  worthwhile 
summarizing  the  basic  results  before  going  on  to  present  some  numerical 
results  which  serve  to  illustrate  the  effects  of  the  d-f  interaction. 

From  Eq.  (4.58)  the  renormalized  gap  was  found  to  be  given  by 


=  s(t;H)  <$(t/s(t;H);y/s(t;H))  . 


(4.146) 


o 


From  Eq.  (4.78)  the  field  dependent  condensation  energy  was  found  to  be 
given  by 


HC(T;H) 


=  s(t;H)^(t/s(t;H);y/s(t;H))  . 


(4.147) 


From  Eq.  (4.94)  the  London  penetration  depth  X^  was  found  to  be  given 


by 


Al(T;H) 


=  /(t/s(t;H);u/s(t;H)) 


(4.143) 
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The  normalization  parameters  Aq  ,  Hcq  and  are  given  by 


and 


A„  “  2“n  exp 


-1 


0  -  D  BA,Jg(Tc;0)N(0)  ’ 


H2  =4ttA2N(0) 

CO  0 


XLo  =  |j  e2vFN(0) 


(4.149) 


(4.150) 


(4.151) 


We  wish  to  emphasize  that  the  above  normalization  constants  do 
not  correspond  to  the  observable  gap  and  critical  field  at  T  =  0°K. 

They  are  instead  related  simply  to  the  quantities  for  non-magnetic 
superconductors  with  similar  structure. 

The  spin  splitting  parameter  y  is  also  a  function  of  t  and  H  and 
is  given  by 


u  ( t ;  H )  = 


I<M3(t;H)> 


(4.152) 


where  ( t ; H )  is  determined  from  Eqs.  (4.101)and  (4.109). 

The  two  parameter  functions  <8(t ;y) ,  £f{t ;y)  and  c4(t;y)  are  given 
by 


— y  j 

log  3-{ t  ;y }  =  -  ^  & (t  ;y ) ;  y  } 


-Y 


(4.153) 
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and 
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where  the  functions  {$. }  may  be  written  as 
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$i  (x;y) 


TRe 


-2  1 

dz  T.  (z )  cosh  ^-{xz  +y> 


(4.156) 


The  functions  {T. (z)>  are  complex  functions  and  all  are  defined  on  the 
Rieman  sheet  with  the  branch  line  running  between  z  =  ±1  shown  in  figure  2 
with 

lim  T. (z)  =  T. (Re  z )  for  Re  z  >  1  ,  (4.157) 

Im  Z40  1  1 

where 

T,  (z )  =  In  {z  +  /z2-  1  }  (4.158) 


T„(z)  *  — -  (4.159) 

/z2-l 

T3(z)  =  z  /z2  -  1  (4.160) 


T4(z)  =  /z2  -  1  (4.161) 

The  scale  factor  s(t;H)  is  given  by 

s(t;H)  =  exp  jg^  ;0)n(0)  "  g ( t ; H ) N ( 0 ) }  (4.162) 

where  g(t;H)  is  the  effective  coupling  constant  given  by  Eq.  (4.142). 

We  now  wish  to  present  the  results  of  certain  numerical  calcula¬ 
tions  illustrating  the  temperature  and  field  dependence  of  these  funda¬ 
mental  physical  quantities.  We  first  consider  the  limit  where  H  =  0.  In 
this  limit  the  functions  and  £  reduce  to  those  obtained  in  the 

familiar  BCS  theory.  Thus  we  find  that  the  properties  of  the  Meissner 
state  (in  which  the  field  B  is  excluded)  may  be  obtained  from  the  BCS 
results  by  means  of  a  simple  scaling  law.  In  order  to  illustrate  the 
effect  of  the  spin  fluctuations  on  the  effective  coupling  constant 
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figure  3  shows  the  temperature  dependence  (t = t/t  )  of  the  effective 

_  o 

coupling  constant  for  various  values  of  the  field  h  (h  =  H/<j>A^  ).  The 
parameters  used  in  the  calculation  are  given  in  table  4  and  are  chosen 
in  order  to  emphasize  the  effect  of  the  spin  fluctuations. 

In  figures  4,  5  and  6  we  present  the  temperature  dependence  of 
the  gap,  the  condensation  energy  and  the  London  penetration  depth.  Here 
the  parameters  used  are  those  shown  in  table  2  and  are  felt  to  be  appro¬ 
priate  to  the  case  of  ErRh^B^.  (A  detailed  discussion  of  the  particular 
choice  of  the  parameters  will  be  given  together  with  a  detailed  analysis 
of  the  mixed  state  in  ErRh^B^  in  the  next  section.)  These  results 
clearly  show  the  suppression  of  the  superconductivity  at  low  tempera¬ 
tures,  due  to  the  increase  in  the  strength  of  the  localized  spin  fluc¬ 
tuations  . 

Estimates  of  the  condensation  energy  have  been  made  in  the  case 
of  polycrystall i ne  ErRh^B^  samples  from  both  bulk  and  thin  film  measure¬ 
ments.  While  these  results  do  indicate  a  substantial  deviation  from 
the  BCS  result  at  low  temperature,  certain  difficulties  inherent  in 
the  various  measurements  prevent  them  from  providing  us  with  any  precise 
conclusions  regarding  the  temperature  dependence  of  the  condensation 

energy.  More  recent  measurements  based  on  the  magnetization  curves  of 

fl  221 

single  crystal  ErRh^B^  L  J  have  been  made  and  give  more  reliable 
results  although  the  uncertainties  arising  from  pinning  effects  are 
still  considerable.  The  single  crystal  results  are  in  reasonable  agree¬ 
ment  with  the  curve  shown  in  figure  5  if  we  choose  a  value  of  H  -1.4 KG 
a  value  consistent  with  similar  measurements  on  LuRh^B^  obtained  from 
specific  heat  measurements  which  give  H  -  1.85  KG. An  accurate 
determination  of  the  condensation  energy  for  various  temperatures  would 
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be  extremely  useful  in  that  it  would  provide  information  regarding  the 
strength  and  the  role  of  the  spin  fluctuations  in  modifying  the  super¬ 
conducting  state  as  we  approach  the  co-existence  regime  at  T  =  T  . 

The  temperature  dependence  of  the  superconducting  gap  also  shows 

a  reduction  from  the  BCS  value  at  low  temperature,  in  particular  we 

find  that  2a  /kDT  has  a  value  of  3.03  in  contrast  to  the  BCS  value 
max  B  c 

of  3.52.  Since  the  effective  coupling  constant  g(T)  is  always  smaller 
than  g(T  ),  because  of  the  suppression  due  to  the  spin  fluctuation,  A(t) 
is  always  less  than  A^U). 

Tunneling  measurements  have  been  performed  for  both  polycrystal- 
line^^  and  single  crystal  ErRh^B^.^^  The  results  show  that  the 
value  of  the  superconducting  gap  inferred  from  the  dl/dV  vs  V  curve 
does  in  fact  differ  markedly  from  the  predictions  of  the  BCS  theory,  in 
particular  it  is  found  to  be  flat  with  respect  to  temperature  at  low 
temperature.  However,  the  observed  ratio  2Ama^/kgTc  appears  to  be  in 
the  region  3.8  to  4.2  in  contrast  to  the  results  presented  here. 

The  London  penetration  depth  shown  in  figure  6  does  not  show  a 
dramatic  change.  While  it  is  the  case  that  the  London  penetration  depth 
may  be  obtained  from  surface  impedance  measurements,  the  exact  nature 
of  the  relationship  is  complicated  by  the  possible  appearance  of  surface 
magnetization  states^ ^ ^ .  A  more  detailed  discussion  of  the  pene¬ 
tration  depth  is  presented  in  Appendix  D. 

We  can  also  discuss  the  effect  of  an  internal  field  on  the  super¬ 
conducting  quantities.  A,  H  and  A,  .  From  the  preceding  analysis  we  see 
that  the  presence  of  an  internal  field  H  will  lead  to  two  quite  distinct 
effects;  namely 
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(1 )  it  will  suppress  the  spin  fluctuation,  leading  to  an  increase  in 
the  effective  coupling  constant  g(T;H)  and  therefore  enhancing  the  super¬ 
conductivity, 

(2)  it  will  polarize  the  localized  spins  which  will  result  in  a 
finite  value  for  the  spin  splitting  parameter  y  which  tends  to  suppress 
the  superconductivity. 

Thus  we  see  that  the  application  of  an  internal  magnetic  field 

may  result  in  an  increase  or  decrease  in  the  superconducting  quantities 

depending  on  which  mechanism  dominates. 

In  figures  7,  8  and  9  we  present  graphs  showing  the  temperature 

dependence  of  the  gap,  the  field  dependent  condensation  energy  and  the 

London  penetration  depth  in  the  presence  of  an  internal  field.  It 

2 

would  appear  from  the  graphs  that  A,  Hc  and  X ^  are  in  fact  insensitive 
to  the  internal  field  until  a  particular  temperature  is  reached,  where 
there  is  a  rapid  decrease  as  the  temperature  is  lowered  further.  This 
arises  from  the  increase  in  the  spin  splitting  parameter  y  due  to  the 
increased  ordering  of  the  magnetic  ions. 

Figures  10,  11  and  12  present  graphs  showing  the  field  dependence 
of  the  gap;  the  field  dependent  condensation  energy  and  the  London  pene¬ 
tration  depth  for  various  values  of  the  reduced  temperature  t.  Again 

2 

it  would  appear  that  A,  Hc  and  X^  are  insensitive  to  the  internal  field 
h  until  some  critical  value  is  reached  after  which  there  is  a  rapid 
decrease  as  the  field  is  increased.  Again  this  may  be  attributed  to 
the  increase  in  y  as  the  field  is  increased. 

A  closer  examination  of  the  numerical  results  however  reveals 
that  as  h  is  increased  for  a  given  temperature,  the  field  dependent 
condensation  energy  is  seen  first  to  rise,  due  to  the  increase  in  the 
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effective  coupling  constant  g(T;H),  before  decreasing  rapidly  at  higher 
values  of  the  field  due  to  the  induced  effective  field  y.  While  the 
actual  increase  is  very  small  for  the  present  choice  of  parameters  (see 
table  5)  and  is  not  in  fact  discernable  from  the  graph  presented  in 
figure  11,  such  an  increase  at  low  field  values  may  be  important  when 
one  comes  to  consider  the  nature  of  the  transition  around  the  lower  cri¬ 
tical  field  Hc-j  in  a  type  II  superconductor. 

To  summarize,  there  are  several  results  which  are  of  interest 
here.  First  we  find  that,  in  the  effective  coupling  constant  approxima¬ 
tion,  the  effect  of  the  localized  spin  fluctuations  and  the  spin  splitt¬ 
ing  of  the  conduction  electrons,  arising  from  the  d-f  interaction,  on 
the  superconducting  gap  factorize.  As  a  result  the  gap  equation  can  be 
expressed  in  terms  of  a  certain  two  parameter  function  by  means  of  a 
simple  scaling  law  involving  the  temperature  and  field  dependent  coupl¬ 
ing  constant  g(T;H).  A  similar  result  was  also  obtained  for  the  field 
dependent  critical  field  and  the  London  penetration  depth.  These 
results  provide  a  somewhat  straightforward  method,  whereby  the  effect 
of  the  localized  magnetic  moments  and  the  induction  field  on  the  super¬ 
conducting  properties  of  the  conduction  electrons  may  be  considered.  In 
particular,  the  method  may  be  applied  to  consider  the  properites  of  the 
Meissner  state.  In  the  Meissner  state  (i.e.  y=0)  the  temperature  de¬ 
pendence  of  the  superconducting  gap,  the  condensation  energy  and  the 
London  penetration  depth  may  be  obtained  from  the  BCS  result  by  means 
of  a  simple  scaling  rule.  Such  quantities  are  in  fact  experimentally 
accessible  and  should  provide  us  with  information  regarding  the  nature 
of  the  localized  spin  fluctuations. 
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Secondly  it  is  both  interesting  and  somewhat  surprising  that  the 
resultant  expression  for  the  free  energy  given  in  Eq.  (4.91  )  has  the 
same  form  as  that  present  in  ref.  [28],  although  the  expression  for  the 
various  terms  involved  is  somewhat  more  complicated  due  to  the  d-f  and 
the  paramagnetic  interactions.  The  close  analogy  that  exists  between 
the  two  expressions  means  that  the  results  presented  in  this  section 
can  be  used  to  extend  work  presented  in  ref.  [28]  to  include  the  effects 
of  the  d-f  interaction  on  the  magnetic  properties  of  the  mixed  state  in 
ferromagnetic  superconductors  in  a  perfectly  strai ghtforward  manner. 

The  third  rather  interesting  feature  is  the  effect  of  the  finite 
internal  field  H  on  the  superconducting  quantities.  Specifically  we  see 
that  the  reduction  in  the  localized  spin  fluctuation  and  the  increase 
in  the  spin  splitting  parameter  y  with  the  application  of  an  internal 
field  H  tends  to  enhance  and  suppress,  respectively ,  the  superconducting 
nature  of  the  conduction  electrons.  The  resultant  competition  between 
these  two  mechanisms  manifests  itself  in  the  slight  increase  in  the 


field  dependent  condensation  energy 


H"  (H;T) 


co 


8tt 


with  increasing  H,  for  low 


values  of  the  field  proceeded  by  the  rapid  decrease  for  high  values  of 
H,  shown  in  figure  11.  This  suggests  that  the  response  of  the  localized 
spin  fluctuations  to  an  applied  field  will  be  of  importance  in  determin¬ 
ing  the  behaviour  of  the  system  as  it  makes  the  transition  from  the 
Meissner  state  to  the  mixed  state,  at  ,  while  the  polarization  effect 
will  be  of  importance  at  higher  field  values  in  particular  as  the  system 
makes  the  transition  from  the  mixed  state  to  the  normal  state  at  H  £• 

In  conclusion  therefore  we  have  presented  a  method  whereby  the 
effects  of  the  d-f  and  the  paramagnetic  interactions  together  with  the  electro¬ 
magnetic  interaction  may  be  included  in  the  analysis  of  magnetic  superconductors 
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The  results  obtained  show  several  interesting  and  important  features 
and  allow  for  the  extension  of  previous  work  on  the  mixed  state  to 
include  both  the  d-f  as  well  as  the  electromagnetic  interactions.  The 
application  of  the  formalism  presented  here,  to  the  analysis  of  the 
mixed  state  in  ErRh^B^  is  presented  in  the  next  section. 

4.3  An  Analysis  of  the  Mixed  State  in  ErRh^B^ 

In  this  section  we  apply  the  formalism  developed  in  the  previous 
section  4.2  to  an  analysis  of  the  mixed  state  in  ErRh^B^.  In  particular 
we  wish  to  compare  the  results  of  our  analysis  with  the  results  of  the 
recent  measurements  on  single  crystal  ErRh^B^. ^ ^  Due  to  the  quite 
pronounced  anisotropy  in  the  spin-spin  interaction,  arising  from  the 
effects  of  the  crystalline  field,  the  magnetic  properties  differ  signi¬ 
ficantly  if  measured  relative  to  the  easy  axis  (a-axis)  or  the  hard  axis 
(c-axis).  For  example  when  the  applied  field  lies  along  the  hard  axis, 
the  polarization  of  the  magnetic  ions  in  the  mixed  state  is  very  small, 
this  is  reflected  in  the  fact  that  the  observed  magnetization  curves  and 
the  upper  critical  field  curve  are  very  similar  to  those  observed  in 
non-magnetic  superconductors,  with  a  peak  value  in  the  upper  critical 
field  curve  of  around  lOKG.'-10^  The  upper  critical  field  measured 
relative  to  the  easy  axis  on  the  other  hand,  is  markedly  different  from 
the  hard  axis  measurements,  with  a  peak  value  of  around  2  KG  at  around 
T-5.5°K.^^  Furthermore  the  magnetization  curves  measured  with  res¬ 
pect  to  the  easy  axis  show  that  the  transition  from  the  mixed  state  to 
the  normal  state  becomes  first  order  at  around  T=3.5°K.  Both  effects 
may  be  attributed  to  the  polarization  of  the  rare  earth  spin 
induced  by  the  applied  field,  since  the  easy  axis  susceptibility  is 
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much  larger  than  the  hard  axis  susceptibility.  The  detailed  nature  of 
these  measurements  together  with  the  effect  of  the  anisotropy  of  the 
spin  system  provide  an  excellent  testing  ground  for  various  models  and 
treatments  of  the  mixed  state  in  ferromagnetic  superconductors. 

The  aim  of  the  work  presented  in  this  section  is  to  provide  a 
detailed  analysis  of  ErRh^B^  and  to  demonstrate  to  what  extent  the  sin¬ 
gle  crystal  measurements  may  be  accounted  for  within  the  formalism 
presented  in  the  previous  section.  In  this  we  assume  that  the  super¬ 
conducting  properties  of  the  system  are  to  a  good  approximation  isotro¬ 
pic  and  hence  that  the  difference  between  magnetic  properties  of  the 
hard  and  easy  axes,  may  be  attributed  entirely  to  the  observed  aniso¬ 
tropy  of  the  spin  system. 

A  number  of  important  results  emerge  from  this  analysis.  First, 
the  critical  field  curves  obtained  are  in  good  agreement  with  both  the 
hard  and  easy  axis  curves  presented  in  ref.  [10]  and  secondly  the 
resultant  magnetization  curves  exhibit  a  first  order  transition  on  going 
from  the  mixed  state  to  the  normal  state  at  H  0  as  observed^ These 
results  are  obtained  using  a  choice  of  parameters  consistent  with  a 
large  number  of  other  measurements  on  ErRh^B^.  In  addition  to  this,  a 
comparison  between  the  results  obtained  with  and  without  the  effect  of 
the  scattering  of  the  electrons  by  the  localized  spin  fluctuations,  is 
presented.  The  result  of  this  comparison  shows  quite  clearly  that  the 
peculiar  magnetic  properties  of  ErRh^B^  are  due  almost  entirely  to  the 
effect  of  the  Zeeman  splitting  of  the  electrons  arising  from  the  effec¬ 
tive  field  induced  by  the  d-f  interaction  through  the  polarization  of 
the  localized  spins. 
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Two  other  points  are  perhaps  worth  noting  before  presenting  the 
details  of  the  analysis.  The  first  is  that  it  is  only  since  the  single 
crystal  measurements  have  become  available  that  such  a  detailed  treat¬ 
ment  of  ferromagnetic  superconductors  has  been  possible,  since  many  of 
the  properties  alluded  to  above  cannot  be  observed  in  polycrystall ine 
samples  due  to  the  averaging  over  the  hard  and  easy  axis  properties. 
Secondly  an  important  aspect  of  the  work  presented  here  is  that  it 
allows  one  to  treat,  in  a  unified  manner,  the  entire  temperature  domain 
above  T^  ,  the  co-existence  temperature,  including  the  region  wherein  the 
transition  from  the  mixed  state  to  the  normal  state,  at  H  £,  is  first 
order . 

In  the  mixed  state  the  magnetic  field  penetrates  the  superconduct¬ 
ing  system  in  the  form  of  vortices.  As  explained  in  the  previous  section 
an  individual  vortex  corresponds  to  the  presence  of  a  topological  line 
singularity  in  the  phase  of  the  order  parameter  f(x).  In  the  case  of  a 
vortex  array  the  phase  f(x)  is  given  by  Eq.  (4.25) 

f ( x )  =  e[x-f.  ]  (4.163) 

i  *  1 

where  e[x-fn. ]  corresponds  to  the  cylindrical  angle  measured  with  respect 
to  the  line  singularity  at  £. .  The  phase  f(x)  specified  in  Eq.  (4.163) 
gives  the  vortex  density  given  by  Eq.  (4.26) 

n(x)  =  e~  I  5(x-|. )  .  (4.164) 

The  problem  posed  in  the  analysis  of  the  magnetic  properties  of 
the  mixed  state  may  be  presented  as  follows,  for  a  given  applied  external 
field  H  what  is  the  equilibrium  density  of  vortices  that  penetrate  the 
system.  In  order  to  answer  this  question  we  compute  the  free  energy 
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given  by  Eq.  (4.86),  and  which  may  be  written  as 


Fs(n)=i 


,3-> 
d  x 


fl 


n(x)<j>-<H(x)>  + j  Hm(x)-<M(x)> 


"6£n  ZJ{gJyBJ3lHM^X^  }  '  qI  +  Ecore^ 


(4.165) 


in  the  case  of  the  vortex  array  specified  by  Eq.  (4.164).  For  purposes 
of  the  present  analysis  we  assume  that  the  vectors  {£.}  form  a  triangu¬ 
lar  lattice  in  the  x-y  plane. 

In  order  to  treat  the  fields  generated  by  the  vortex  lattice  we 
follow  the  procedure  outlined  in  ref.  [28]  and  we  separate  the  fields  ft, 
ft  and  ft  into  their  spatially  averaged  values  and  their  spatial  devia¬ 
tions  , 


<ft>  =  nc^  +  sft  , 

(4.166) 

<M>  =  M  e0  +  SM 
o  3 

(4.167) 

<H>  =  H  e0  +  6H  , 

O  3 

(4.168) 

where  n  denotes  the  vortex  density  and  is  given  by 


n  =  lim  i 

V-KO  V 


n(x)  d3x 


Now  from  the  expression  for  the  magnetization  given  by  Eq 
we  obtain  to  lowest  order  in  the  spatial  deviation 


(4.169) 
(4.101 ) 


6M  =  X(-iv)6H 


(4.170) 


=  x(-jy) 

1  +  4Trx(-iv) 


SB 


(4.171) 


where  x(k)  is  given  by 
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x(i?)  = 


Ca 


T  -  Cotjy 


(4.172) 


In  Eq.  (4.172)  the  constant  C  denotes  the  Curie  constant  and  aj  is  given 
by  Eq.  (4.111 )  as 


a ,  = 


.  3J  D>  f9JwBJ 


B 


|H, 


J  J  + 1  J  (  kgT  MF 


(4.173a) 


where  Bj  is  the  Brillouin  function  and  H^p  is  given  by 


|hhf|  =  H„  +  t(0)M„  . 


(4.173b) 


The  function  y(t)  is  given  by  Eq.  (4.114) 


y(k)  =  Y  Q  ( k )  +  1^  +  4r 


(4,174) 


where  we  have  neglected  the  contribution  from  the  paramagnetic  interac- 
tion.  Parameterizing  y(k)  as  in  Eq.  (4.124)  as  y(lt)  =  T  /C  -  D/C  |lq  we 


obtai n 


x(k)  = 


T-VDI*I2 


(4.175) 


Now  inverting  the  Maxwell  equation  given  by  Eq.  (4.27)  and  neglecting 
the  a  contribution,  we  obtain, tolowest  order  in  the  spatial  deviations, 
the  following  expression  for  <B(x)>  in  terms  of  the  vortex  density  n(x) 


<B(^)>  =  [1  +  4ux(-i v)]  C  (  -  i  v) 


2  2 


-xLv  +  [1  +  4irx(-iv)]C(-iv) 


n(x)  <p  . 


(4.176) 


If  we  now  introduce  the  effective  single  vortex  fields 


b  (x)  = 


(2*)' 


o  .  -> 

.2t>  ik-x 
d  k  e 


[1  +  4tty(I<)]  C(it) 


2,  2 


^  +  [1  +  4Trx(i?)]C(ic) 


(4.177a) 


and 
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h$(x) 


(2tt  )' 


d2k  elk‘x 


C(ic) 


X2k2  +  [1  +  4ux(k)]C(k) 


1>\  T  «  /7>l 


(4.177b) 


then  the  induction  field  <B(x)>  generated  by  the  vortex  lattice,  given 
in  Eq.  (4.176),  may  be  written  as 


<B(x)>  =  l  b  (x-£  )  , 
i  s  3 


and  using  the  relation 


(4.178) 


H  =  n^  -  4ttM  , 
o  o 


(4.179) 


we  obtain 


<H(x)>  =  <B(x)>  -  4tt<M(x)> 


4ttx(0) 


m»«*-4^0  +  ps(H-) 


(4.180) 


From  Eq.  (4.1  80)  we  obtain  the  result  that 


j  [d3^  ^  n(x).<ft(x)>  =  ^-{ncj,.- 4ttMq  +  h(0)}  ,  (4.181) 

where  h(0)  is  given  by 

x'2(t;n)C(K) 

h ( 0 )  =  n<j>  I  — 7 k - - - o - —  (4.182) 

t=0  |Kp  +  [1  +  4irx(K)]x[^(t;n)C(K) 

where  the  set  {K}  denotes  the  reciprocal  lattice  vectors  of  the  vortex 
lattice. 

The  other  contribution  to  the  free  energy  that  arises  as  a  result 
of  the  vortex  lattice,  is  the  core  energy  denoted  as  E  (x).  This 
term  may  be  roughly  thought  of  as  arising  from  the  potential  due  to  the 
spatial  variations  in  the  magnitude  of  the  order  parameter  |a(x)| 
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induced  by  the  vortex  lattice.  Since  |a(x)|  must  vanish  at  the  vortex 
centre,  the  effect  of  the  spatial  variation  in  | a ( x ) | is  to  increase  the 
electron  energy  in  the  vortex  core.  Hence  this  term  is  referred  to  as 
the  core  energy.  When  the  vortices  form  a  lattice,  we  can  define  the 
core  energy  per  vortex  as 


E(n)  = 


d^x  E  (x) 
core' 


(4.183) 


ft 


Expressing  the  core  energy  E  (x)  in  terms  of  the  magnetic  induction 

COl^G 

field  <B(x)>  and  writing  the  field  in  the  itln  lattice  cell  ft.,  as 


<B(x)>  =  b  (x)  +  b^nt(x)  , 


(4.184) 


where  we  have  chosen  our  coordinates  such  that  =0  and  we  have  defined 
.  int 

b  (x)  as 


bint(J)  =  l  b  (x-f.)  . 
j)*1  0 


(4.185) 


Now  since  b  (x)  is  well  localized  in  the  neighbourhood  of  the 

vortex  and  damps  exponentially  at  large  distances,  one  may  expand 

E  (x)  as 
core 


E  [x;<B>]  =  E  [x;b  ]  + 
coreL  J  coreL  sJ 


^  Ecore[^:bs:;]blnt(J)  +-'-  *  (4J86) 


with 


6E  (x;<B>) 

E'  U;b  it]  =  ■  COre 
core  J  s 


1E^77 


Now  from  the  definition  of  the  E 


'core 


(4.187) 

term  together  with  the  highly 


localized  nature  of  the  vortex  induction  field  b  ,  we  may  approximate 


,3 

d  x 


d3y  E^ore(x;bs;y)blnt(y)  =  E2  b1nt(0) 


(4.188) 
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Thus  from  Eqs.  (4.187)  and  (4.188),  E(n)  may  be  parametrized  in  terms 
of  two  parameters  E^  and  E^ 


E(n)  =  E1  -  E2bint(n) 


(4.189) 


where  we  have  defined 


and 


Ei  ■ 


d3j  Ecore(x;bs) 


(4.190) 


bint(n) 


l  bs(5j> 

J>i  S  J 


=  n4>  |l  +  J 

t  V-k 


-  <J> 


d2k 


[1  +4irx(K)]x[2(t;n)C(K) 

MO  |K|2  +  [1  +  4irx(K)]X^E(t;n)C(K)- 

[1  +4Trx(i<)]X^2(t;n)C(j<) 


(2„)2  Ik |2  +  [1  +  4^x(k)]x“2(t;n)C(k) 


(4.191  ) 


The  contribution  to  the  free  energy  from  the  core  energy  is  thus 


given  as 


I 

V 


d3x  Ecore(?)  =  n{El  -E2b1'nt<"»  ‘ 


(4.192) 


The  calculation  of  the  coefficients  E-j  and  in  any  precise  fashion 
is  extremely  difficult,  however  the  coefficient  E-j  has  been  estimated 
using  the  virial  theorem^  and  is  given  by 


Ei  ■ 


i 


die  _ 

32e2  xE(t;n) 


(4.193) 


Thus  Eq.  (4.192)  may  be  written  as 

2 


1_ 

V 


d3x  E  (x)  = 
core 


n<p 


8rrX^(t;n) 


{^'e2blnt(n)}-  ' 


(4.1  94) 
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The  parameter  e ^  therefore  characterizes  the  multiple  vortex 
effects  and  is  determined  by  the  requirement  that  there  exists  a  second 
order  transition  point  to  the  normal  state. 

The  remaining  terms,  the  condensation  energy  of  the  superconduct¬ 
ing  electrons  and  the  free  energy  of  the  magnetic  ions  may  be  obtained 
from  the  expressions  given  in  the  preceding  section.  Thus  we  arrive  at 
the  following  expression  for  the  free  energy  F  (n)  for  a  given  vortex 
density  n  as 


n<j>  +  h(0)  + 


<}> 


*[(n;t) 


<57-2bint<n» 


H  (t;n) 
+  F  fy ;  n  ]  -  c 


m 


8 


TT 


(4.195) 


where 


Fm(i;n)  =  J  Y(i<=0)  -  |nnZJ{gJuBJB[n*  +  ^(0)Mo]>  (4.196) 

and  y(0)  is  obtained  from  Eq.  (4.118) 


y(0)  =  y(0)  -  4tt 


(4.197) 


where, as  before,  we  have  neglected  the  paramagnetic  interaction  term  a-B. 

Before  going  on  to  discuss  the  determination  of  the  magnetic 
properties,  it  is  worthwhile  to  consider  how  the  various  quantities 
appearing  in  the  expression  for  the  free  energy  given  by  Eq.  (4.195) 
are  affected  by  d-f  interaction.  First  of  all,  the  London  penetration 
depth  and  the  condensation  energy,  appearing  in  the  third  and  fifth 
terms  of  Eq.  (4.195)  respectively,  now  depend  on  the  polarization  of  the 
RE  magnetic  ions  induced  by  the  magnetic  fields  generated  by  the  vortex 
lattice.  Secondly,  the  superconducting  currents  generated  by  vortices 
will  be  modified  by  the  change  in  the  coherence  length  given  by  Eq. 
(4.100).  Such  effects  were  not  included  in  the  analysis  of  the  mixed 
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state  presented  in  ref.  [28],  where  it  was  argued  that  the  effect  of 
the  d-f  interaction  was  small  and  could  be  incorporated  as  a  temperature 
independent  renormalization  of  the  various  parameters. 

With  the  free  energy  calculated  as  a  function  of  the  vortex  den¬ 
sity,  the  applied  field  H  may  be  obtained  as  a  function  of  the  vortex 
density  from  the  Gibbs  free  energy  Gs(n), 

Gs(n)  =  Fs(n)  -  35  H  ’  (4.198) 

by  the  thermodynamic  requirement  that  Gs(n)  be  minimized  with  respect 
to  the  vortex  density  n.  Thus  we  have  that 


3Gs(n) 


9n 


=  0  , 


(4.199) 


which  leads  to 


H(n )  = 


4,  ^ 

<j>  3n 


(4.200) 


The  second  order  transition  to  normal  state  occurs  when  n=n  such  that 

c 


Gs  ("c )  ■  GN<Hc2> 


"c*  '  H?2  +  4  MH°2 


where  is  defined  by 


H°2  =  H(n°)  , 


(4.201  ) 

(4.202  ) 


(4.203) 


while  Gn(H)  is  the  free  energy  of  the  normal  state  given  by 


GN  =  -  57  +  Fm(y;H) 


with 

Fm(y;H)  =l{yo  +  Ixa  +  4tt}Mo“  f£n  ZJ{gJyBJB[H+  (yo+  IXa  +  ^)M0l}9 


(4.204) 

(4.205) 
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and  M  is  obtained  from 
o 


Mq  =  gJVBJNBJ{gJyBJ8[Ht(Y0  +  IXo  +  4,)M0]}  . 


(4.206) 


Equations  (4.201)  and  (4.202)  serve  to  determine  both  the  critical  flux 
density  n°  together  with  the  parameter 

If  it  is  the  case,  as  one  normally  finds  in  non-magnetic  type  II 
superconductors,  that 


for 


Gs(n)  <  GN(H(n ) ) 


n  <  nc  , 


(4.207) 


(4.208) 


then  the  transition  from  the  mixed  state  to  the  normal  state  will  be 
second  order  and  H°2  given  by  Eq.  (4.203)  will  correspond  to  the  physi¬ 
cally  observed  upper  critical  field  which  we  denote  by  H  £• 

It  can  happen,  as  we  will  see  later  in  specific  instances, 

that 


G$(n)  =  GN(H(n)) 


for  certain  n  satisfying 


n  <  n 


(4.209) 


(4.210) 


In  this  situation  the  observed  critical  flux  density  n  is  determined 

c 

from  Eq.  (4.209)  rather  than  Eqs. (4.201)  and  (4.202).  Then  we  have 
that 


n  <  n 
c  c 


(4.211  ) 


while  the  observed  upper  critical  field  H ^  is  given  by 


Hc2  =  H(n  ) 


>  H 


c2 


(4.212) 


1 
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and  the  transition  is  first  order  being  accompanied  by  a  jump  in  the 
magnetization  similar  to  that  shown  in  figure  13.  These  rather 
peculiar  effects  we  will  discuss  in  greater  detail  later  when  we 
report  on  the  results  of  various  numerical  calculations.  It  should  be 
emphasized  that  the  above  change  in  the  order  of  transition  does  not 
require  any  modification  of  the  present  formalism.  What  is  assumed  is 
that  there  is  a  point  at  which  the  second  order  transition  occurs.  This 
determines  the  parameter  »  then  the  theory  naturally  predicts  the 
first  order  transition  if  it  occurs. 

The  value  of  the  applied  field  from  which  transition  from  the 
pure  Meissner  state  to  the  mixed  state  occurs  may  also  be  determined 
from  Eq.  (4.200)  as 

H°-|  =  H(n=0)  .  (4.213) 

It  may  occur  that  the  free  energy  in  the  mixed  state  may  actually  in¬ 
crease  as  the  vortex  density  increases.  In  such  a  situation  the  magnet¬ 
ization  curve  will  be  similar  to  that  shown  in  figure  14  and  the  transi¬ 
tion  will  be  of  first  order  and  we  will  have  that  the  observed  lower 
critical  field  H  ^  will  be  such  that 

Hcl  <  H°,  .  (4.214) 

Calculations  in  the  case  of  both  non-magnetic  and  magnetic  superconduc¬ 
tors  indicate  that  the  difference  between  and  is  small  and  may 
be  neglected  for  all  practical  purposes. 

In  order  to  apply  the  formalism  summarized  in  the  previous  sec¬ 
tions  to  the  analysis  of  ErRh^B^  we  need  to  know  the  various  parameters 
characterizing  the  magnetic  system,  the  superconducting  system  and  the 
degree  of  coupling  between  the  two  systems.  The  Curie  constant  C  and 
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the  saturation  magnetization  may  be  obtained  from  the  observed  lattice 
constant  together  with  the  values  of  J  and  gj  which  may  be  assumed  to 
have  the  same  value  as  the  free  Er  ion.  The  values  given  in  table  1  are 
in  reasonable  agreement  with  those  estimated  from  the  inverse  suscepti¬ 
bility  measurements^ The  Curie  temperatures  for  the  hard  axis, 
T^,  and  the  easy  axis,  T^a ^ ,  may  be  obtained  from  an  extrapolation  of 

the  inverse  susceptibility  measurements  measured  with  respect  to  the 

n  31 1  2 

hard  and  easy  axes  respecti velyL  .  The  condensation  energy  H  /8tt 

V*  U 

may  be  estimated  from  the  value  obtained  for  LuRh^B^  (H^LuRh^B^)  = 

1.85  KOe}  from  specific  heat  measurements^  ^  using  the  relation  that 


Tc(Lu)  Hco(Lu) 


T  (Er) 

c  ' 


H^TEFT 


(4.215) 


This  yields  a  value  for  Er  of  around  1.4  KG.  The  parameter  has  been 


estimated  experimentally  to  be  around  4. 


[132] 


The  value  of  the  field 


2  2 
normalization  <f>/A,  may  then  be  obtained  from  the  relation  H  = 
o  0  Lo  J  co 

3  kr  4  ^ 

-o  ~T  (-7—)  •  With  the  above  values,  we  have  estimated  A.  -  825  A.  The 
2  ^  A  n  Lo 

LO  o 

value  of  gQN(0)  is  chosen  to  be  around  0.3.  The  ratio  I  /go  may  be 
estimated  from  the  increase  in  the  transition  temperature  as  non-magnetic 
impurities  are  added  to  ErRh^B^.  In  the  measurement  on  YxEr^  ^Rh^B^^ 
it  is  observed  that  for  low  concentrations  of  Y  (i.e.  x  <<  1 )  the  impuri¬ 
ty  concentration  dependence  of  the  magnetic  transition  temperature  is 
given  by 

Tra  ■  V1  -  '  <4‘216> 

This  can  be  used  together  with  Eq.  (4.49)  and  Eqs.  (4.121)  and  (4.129) 

to  obtain  the  x  dependence  of  the  superconducting  transition  temperature 
•pX 
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47tgoN(0)  (1 


TiT 


t'd)(l+t'a)(d(a>(l+a)-l))  ^log  Tc(x) 

TIT 


It 


m 


1  +  Tc(x) 


(4.217) 


x=0 


where  Z  is  given  by 


1  -  t 


(a) 


1  =  2  + 


m 

1  -  -Jc  ^ 

m 


^a)  |  d[a)(l+a)  +  e(a)(t=l) 
'  d^C)(l+a)  +  e(c)(t=l  ) 


(4.218) 


where  the  various  dimensionless  parameters  appearing  in  Eq.  (4.218)  are 
given  by 


c(i) 

4^C 

=  ^TT  1 

=  (a  or  c) 

m 

4° 

=  d(i) 

4  7(TT  ’  d 

OX’2 

m 

m 

D.  (e) 

=  (e  +  d(1)(l+o))2  - 

4d .  ( 1  +a )  c . 

i  i 

(4.219) 


and 


ElCt) 


(4.220) 


where  t^  (tj^)  denotes  the  reduced  Curie  temperature  corresponding 
to  the  easy  (hard)  axis. 

The  value  of  d/dx  log  T  (x)  may  be  estimated  from  experiment^ 1 ^ 

c 


as 


d7l09  Tc(x) 


-  0.14 


x=0 


(4.221  ) 


Thus  Eqs. (4.217)  and  (4.218)  may  be  used  to  estimate  the  value  of 

i  /g  once  d^.a'  and  a  are  specified. 

The  remaining  parameter  d^  may  be  estimated  from  the  co-exis- 

fi  51 

tence  temperature  Tp  ,  since  Tp  is  given  byL  J 


V, 
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2 


f  4ttC 
^  DX 


1/2 


1 


(4.222) 


The  value  of  T  shown  in  table  1  is  estimated  from  the  neutron  scatter- 
P 

[23  1331 

ing  data  on  single  crystal  ErRh^B^.  ’  J  The  parameters  a  and  d^ 
cannot  as  yet  be  obtained  from  any  experimental  values  and  are  there¬ 
fore  adjusted  to  provide  a  reasonable  overall  fit  to  the  data.  If  we 
choose  a  =  5  and  df-20  then  condensation  energy  H  (T;h=0)  may  be  com- 
puted,  as  a  function  temperature.  The  results  shown  in  figure  5  are  in 
reasonable  agreement  with  recent  estimates  from  the  single  crystal  mag¬ 
netization  curves^22-L  The  resultant  value  of  I  (  e  IgjJygN/AQ)  is 

3.555.  This  gives  ?  (  =1  M)  -  1.5xlCf2  eV  somewhat  lower  than 
a  (J  g 

C1341  J  B 

other  estimates  .  The  experimental  parameters  are  summarized  in 
tab!  e  1 . 

Using  the  above  parameters  we  can  now  compute  the  upper  and  lower 
critical  fields,  by  the  methods  summarized  in  this  section  and  compare 
them  with  the  single  crystal  data  for  ErRh^B^.  We  present  the  results 
of  two  separate  analyses.  In  the  first  analysis,  we  simply  apply  the 
parameters  presented  in  table  2,  and  proceed  in  the  manner  outlined 
to  compute  the  critical  fields.  In  the  second  analysis,  we  neglect 
the  effect  of  the  scaling  and  modify  the  parameters  and  I  to 
obtain  good  fit  to  the  experimentally  observed  upper  and  lower  criti¬ 
cal  fields. 

The  reason  for  the  two  separate  analyses  is  twofold.  First  of 
all,  there  is  good  reason  to  suppose  that  introducing  the  spin  fluctua¬ 
tions  by  means  of  the  effective  coupling  constant  described  in  section 

4.2  probably  overestimates  their  effect,  particularly  at  lower  tempera¬ 
ture.  It  is  interesting  therefore  to  compare  this  analysis  with  one  in 
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which  the  effect  of  the  fluctuations  is  underestimated.  Such  a  situa¬ 
tion  is  obviously  realized  if  they  are  neglected  completely.  The  second 
reason  is  that  a  comparison  of  the  two  numerical  analyses  helps  to 
illustrate  the  role  played  by  the  spin  fluctuations. 

The  numerical  results  for  the  upper  and  lower  critical  fields 
Hc2  >  h°2  anc*  Hd  H°i )  including  the  effects  of  the  spin  fluctuations 
are  shown  in  figure  15  for  the  easy  axis  direction,  together  with  the 
single  crystal  measurements  on  ErRh^B^.^0^  The  parameters  used  are 
those  shown  in  table  2.  The  upper  solid  line  shows  W  ^  (  =  H°2  when 
transition  to  the  normal  state  is  second  order).  The  dotted  line  shows 
the  computed  curve  when  the  transition  from  the  mixed  state  to  the 
normal  state  is  first  order.  It  should  be  noted  that  the  agreement  with 
the  experiment  is  rather  good.  Not  only  are  the  calculated  values  in 
good  agreement  with  the  experimental  values  but  also  the  temperature  at 
which  the  transition  at  H  £  changes  from  second  to  first  order  is  in 
good  agreement  with  the  experimental  value  of  t-0.4.  Using  the  same 
parameter  the  hard  axis  upper  critical  field  H  £  curve  is  shown  in 
figure  16  together  with  the  single  crystal  measurements.  The  lower 
critical  field  curve  is  similar  to  that  obtained  for  the  easy  axis. 

The  decrease  in  H  ^  for  low  temperatures  arises  from  the  decrease  in 
the  condensation  energy  arising  from  the  local ized-spin  fluctuations. 

The  agreement  with  experiment  is  reasonably  good. 

The  results  of  the  numerical  analyses  of  the  upper  and  lower 
critical  fields  ,  H°2  and  (~H°.|)  neglecting  the  effect  of  the 
spin  fluctuations  are  shown  in  figure  17  for  the  easy  axis  direction, 
together  with  the  corresponding  single  crystal  measurements^0-^.  The 
parameters  used  are  those  shown  in  table  3.  Again  the  upper  solid  line 
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denotes  H ^  and  dotted  line  H°2.  The  upper  critical  field  in  the  case 
of  the  hard  axis  is  shown  in  figure  18  together  with  the  corresponding 
single  crystal  measurements.  Again  the  agreement  is  quite  acceptable. 

A  number  of  important  conclusions  may  be  drawn  from  these  results. 
First  of  all,  it  would  appear  that  both  the  measured  upper  and  lower 
critical  field  curves  along  both  the  hard  and  easy  axes  may  quantita¬ 
tively  be  described  using  existing  analytical  methods  suitably  modified 
to  include  the  d-f  interaction  using  a  set  of  parameters  consistent  with 
many  other  measurements.  Secondly,  it  has  become  apparent  in  the  course 
of  our  computations  that  it  is  difficult  solely  on  the  basis  of  the  easy 
axis  upper  and  lower  critical  field  curves  to  distinguish  between  the 
effects  of  the  electron  polarization  and  the  scattering  by  the  spin 
fluctuations.  Indeed  qualitatively  similar  curves  can  be  obtained  with 
slightly  modified  parameters  with  or  without  the  effect  of  the  fluctua¬ 
tions  or  the  polarization.  If  however  one  considers  the  hard  axis  cri¬ 
tical  field  curves  with  the  same  sets  of  parameters,  marked  differences 
appear  depending  on  which  effects  are  included.  This  is  seen  to  some 
extent  by  comparing  the  curves  shown  in  figures  15  and  16  with  those 
given  in  figures  17  and  18.  This  indicates  the  crucial  role  of  the 
single  crystal  measurements  in  the  understanding  and  interpretation  of 
magnetic  properties  of  these  materials. 

In  addition  to  the  upper  and  lower  critical  fields  the  expression 
for  the  applied  field  H(n),  given  in  Eq.  (4.200),  together  with  our 
expression  for  the  Gibbs  free  energy  in  Eq.  (4.198),  allows  us  to  com¬ 
pute  the  bulk  magnetization  as  a  function  of  the  applied  external  field 
H  since 


4ttM  =  n<|>  -  H(n)  . 


(4.223) 
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The  results  of  several  magnetization  curves  computed  for  various 
values  of  the  reduced  temperature  t  are  presented  using  the  parameters 
given  in  table  2,  including  the  effect  of  the  spin  fluctuations  in 
figure  19.  Two  features  are  worth  noting  with  regard  to  these  curves. 
First  of  all,  the  magnetization  for  t  =  0.4  clearly  demonstrates  a  convex 
nature  around  H  2  ,  similar  to  that  observed  in  the  experimental  magneti¬ 
zation  curves  .  Furthermore,  as  the  temperature  is  lowered  the 
convex  nature  of  the  magnetization  becomes  so  pronounced  that  the  curve 
exhibits  a  supercooling  portion  around  H°2  and  hence  a  first  order  tran¬ 
sition  at  H  £•  This  is  clearly  seen  in  the  curves  calculated  for  t  =  0.3 
and  0.2.  Secondly,  the  magnetization  curves  also  show  the  appearance 
at  low  temperature  of  a  first  order  transition  at  as  the  temperature 
is  lowered.  This  becomes  quite  pronounced  below  t  -  0.15.  The  appear¬ 
ance  of  the  first  order  transition  at  H  ^  may  be  attributed  to  two 
reasons;  the  modification  of  the  vortex-vortex  interaction  induced  by  the 
dipole  interaction^»28»n6,135]  and  the  temperature  and  field  dependent 
change  in  the  superconducting  current  and  the  condensation  energy  aris¬ 
ing  from  the  scattering  by  the  localized  spin  fluctuations. 

These  results  indicate  that  the  sequence  of  phase  transitions 
as  the  temperature  is  lowered  is  given  by 


type  II2  2  — >  type  II-j  ^  — >  type  1^  ]  type  I  , 

where  we  have  defined  the  type  II.  .  (i ,j  =  1 ,2)  in  the  following  way 

1  s  J 

i  =  1  ( j  =  1 )  means  a  first  order  transition  at  (H  2)  and  i=2  (j  =  2) 
implies  a  second  order  transition  at  (H  2). 

Regarding  the  jump  in  the  magnetization  at  ,  which  will  be 
referred  to  as  AMj  ,  and  illustrated  in  figure  21,  it  should  be  noted 
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that  for  t  >  0.15  the  calculated  jump  is  relatively  small.  Given  the 
difficulties  inherent  in  the  measurement  of  the  magnetization  curve 
around  H  ^  arising  from  the  flux  pinning  and  the  fact  that  the  slope  of 
the  magnetization  curve  around  would  be  infinite  anyway  were  it  not 
for  the  pinning,  it  is  quite  likely  that  such  a  small  jump  would  be 
extremely  difficult  to  observe. 

The  results  of  several  magnetization  curves  computed  for  various 
values  of  the  reduced  temperature  using  the  parameters  given  in  table  3 
and  neglecting  the  effect  of  the  spin  fluctuations  are  presented  in 
figure  20.  The  behaviour  in  the  vicinity  of  H  2  is  seen  to  be  qualita¬ 
tively  similar  to  that  obtained  in  the  previous  analysis.  However,  the 
transition  at  was  found  to  be  second  order  indicating  the  sequence 
of  the  transitions  as  the  temperature  is  lowered  in  this  instance  is 
given  by 

type  II2  2  — *type  II2  1  — *  type  I  . 

The  jump  in  the  magnetization  at  H  2  which  will  be  denoted  by 
AMjj  may  be  obtained  from  the  magnetization  curves.  The  resultant 
curves  together  with  some  experimental  points  are  shown  in  figure  22. 
The  lower  curve  (labelled  A)  is  that  obtained  using  the  parameters  of 
table  2  including  the  spin  fluctuations,  the  upper  curve  is  that  ob¬ 
tained  using  the  parameters  of  tab! e 3 negl ecting  the  spin  fluctuations. 
The  points  are  somewhat  lower  than  those  observed  experimentally. 

Several  features  are  worth  noting.  First  of  all,  the  appearance 

of  the  first  order  transition  at  H  2  appears  to  be  a  direct  consequence 

of  the  polarization  of  the  superconducting  electrons  induced  by  the  d-f 

f29  30 "1 

interaction.  This  result  is  consistent  with  other  calculations  *  , 

which  show  that  the  magnetization  curve  develops  a  convex  curvature 
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around  H  £»  although  no  calculations,  apart  from  those  presented  here, 
have  considered  the  temperature  domain,  where  the  transition  bcomes 

type  II.  , .  The  second  point  worth  noting  is  the  fact  that,  while  the 

•  *  * 

scaling  effect  induced  by  the  localized  spin  fluctuations  does  not  play 
a  crucial  role  in  determining  the  nature  of  the  transition  around  H ^  , 
it  does  together  with  the  dipole  interaction  have  important  consequences 
regarding  the  nature  of  the  transition  around  .  This  is  clearly 
shown  by  the  fact  that  the  jump  in  the  magnetization  appearing  in 
figure  19  disappears  when  the  scaling  effect  is  neglected.  In  order, 
therefore,  to  draw  any  precise  conclusion  regarding  the  nature  of  the 
transition  at  ,  it  is  necessary  to  examine  in  more  detail  the  pair 
breaking  effect  of  the  localized  spin  fluctuations  and  the  long  range 
structure  of  the  vortex  current. 

To  summarize  in  this  section  we  have  applied  the  formalism  out¬ 
lined  in  the  preceding  section  to  a  detailed  analysis  of  the  mixed  state 
in  ErRh^B^.  The  analysis  takes  into  account  the  Zeeman  splitting  of  the 
electrons  due  to  the  polarization  of  the  magnetic  ions  and  the  scatter¬ 
ing  of  the  electrons  by  the  localized  spin  fluctuations.  Both  these 
effects  are  a  result  of  the  d-f  interaction  and  both  serve  to  suppress 
the  superconductivity.  In  addition  to  the  d-f  interaction  the  interac¬ 
tion  between  the  magnetic  ions  and  the  persistent  current  is  contained 
within  the  Maxwell  equation  as  well  as  the  calculation  of  the  magnetic 
susceptibilities.  The  effect  of  the  anisotropic  nature  of  the  spin 
dynamics  is  also  taken  into  account. 

The  nature  of  the  formalism  presented  in  Section  4.2  is  such 
that  these  effects  are  included  in  an  entirely  self-consistent  fashion. 
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The  results  of  our  analysis  and  the  comparison  with  the  experi¬ 
mental  data  allow  us  to  draw  a  number  of  rather  interesting  conclusions. 
Most  importantly,  perhaps,  we  can  state  that  many  of  the  recently  ob¬ 
served  magnetic  properties  of  ErRh^B^  may  be  adequately  described  within 

r  28i 

an  existing  theoretical  framework  developed  by  Matsumoto  et  alL  J  pro¬ 
vided  the  effect  of  d-f  interaction  is  included.  This  includes  the 
region  where  the  transition  to  the  normal  state  is  first  order  and  the 
observed  magnetization  curve  is  discontinuous.  Since  the  analyses  of 
both  the  hard  and  easy  axis  properties  were  performed  using  the  same 
value  of  k D  ,  the  agreement  between  the  results  reported  here  and  the 

D 

experimental  data,  allows  us  to  conclude  that  the  observed  differences 
between  the  hard  and  easy  axes  may  be  attributed  to  the  observed  aniso¬ 
tropy  of  the  magnetic  interaction  between  the  rare  earth  ions.  This 

fl  321 

seems  to  be  supported  by  experimental  measurements  . 

The  results  of  our  analysis  also  show  that,  while  the  scaling 

induced  through  the  scattering  of  the  electrons  by  the  spin  fluctuations 

can  substantially  affect  the  condensation  energy  and  the  detailed  nature 

of  transition  around  H  ,  ,  its  effect  on  the  qualitative  behaviour  of 

c  ■ 

the  upper  critical  field  curves  and  on  the  magnetization  curve  in  the 
neighbourhood  of  W  ^  is  negligible.  Indeed  as  is  shown  when  the  scaling 
effect  is  neglected,  one  may  obtain  good  quantitative  agreement  regarding 
the  latter  two  quantities  by  a  rather  minor  modification  of  the  parame¬ 
ters  used.  This  is  somewhat  unfortunate  since  the  measurement  of  the 
magnetization  curve  around  and  the  temperature  dependence  of  the 
condensation  energy  in  ErRh^B^  is  extremely  difficult  due  to  the  amount 
of  flux  pinning  present,  making  it  very  difficult  to  draw  any  definite 
conclusions  regarding  the  effect  of  the  spin  fluctuations  on  the  super- 
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conducting  properties  from  the  magnetization  measurements.  A  corollary 
of  this  last  observation  is  that  the  dominant  effect  arising  from  the 
d-f  interaction  observed  in  the  existing  magnetization  measurements  on 
ErRh^B^  arises  from  the  polarization  of  the  superconducting  electrons 
by  the  Er  moments . 

It  should  be  noted  that  the  value  of  all  but  two  of  the  para¬ 
meters  used  in  this  analysis,  a  and  d^  ,  may  be  determined  experimen¬ 
tal  ly . 

To  close  this  discussion  we  note  that  while  the  results  of  the 

analysis  reported  here  suggest  that  the  pair  breaking  effect  of  the  spin 

fluctuation  is  not  easily  obtainable  from  the  magnetization  measurements 

of  Crabtree  et  ai^0,ll]^  such  effects  will  however  have  a  strong  effect 

on  the  temperature  dependence  of  the  condensation  energy.  This  is 

clearly  seen  from  the  graph  shown  in  figure  5  which  deviates  strongly 

from  the  BCS  result  to  the  effect  of  the  spin  fluctuations.  Estimates 

of  the  condensation  energy  have  been  made  from  the  hard  and  easy  axis 

["1221 

magnetization  curves  J  and  seem  to  be  consistent  with  the  results 
presented  here. 

Another  measurement  wherein  the  spin  fluctuations  play  an  impor¬ 
tant  role  is  in  the  determination  of  the  surface  impedance.  Recent 
measurements  have  been  made  of  the  surface  impedance  of  polycrystall ine 
ErRh^B^,^3^  and  an  analysis  using  the  parameters  and  assumption  pre¬ 
sented  in  this  chapter  is  given  in  Appendix  D  together  with  a  comparison 
with  the  data.  The  agreement  is  seen  to  be  surprisingly  good. 
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CHAPTER  5 


CONCLUSIONS 

The  concept  of  spontaneously  broken  symmetry  underlies  many  of 
the  recent  theoretical  developments  in  modern  condensed  matter  physics. 
It  provides  a  unified  conceptual  framework  for  a  number  of  wide  and 
diverse  areas  of  many  body  theory.  Magnetism  and  superconductivity,  both 
of  which  have  been  considered  at  length  in  this  thesis,  provide  two 
examples.  What  one  very  quickly  comes  to  realize  in  the  study  of 
physical  systems  which  manifest  the  phenomena  of  spontaneously  broken 
symmetry  is  that  if  one  wishes  to  describe  such  systems  by  means  of  a 
well-defined  and  systematic  scheme  of  approximation,  then  such  a  scheme 
must  be  consistent  with  the  various  symmetry  requirements  which  underly 
the  broken  symmetry  state. 

In  this  regard  the  field  theoretical  formalism  is  well  suited  to 
the  often  subtle  and  complex  facets  of  condensed  states.  The  dual 
language  of  the  Heisenberg  fields  and  the  physical  fields,  the  Green's 
function  technique  together  with  the  Feynman  diagram  realization  of  per¬ 
turbation  theory  and  devices  such  as  the  spectral  representation,  all 
provide  powerful  if  not  essential  tools  in  analysis  of  spontaneously 
broken  symmetry.  Thus  while  much  of  the  work  presented  in  this  thesis 
may  be  considered  to  be  of  a  rather  formal  nature,  the  motivation  is  to 
try  and  account  for  certain  empirical  aspects  of  condensed  states  in 
many  body  systems. 

Perhaps  the  most  novel  application  of  the  field  theoretical  tech¬ 
niques  in  the  work  presented  in  this  thesis  was  the  use  of  the  TFD  forma¬ 
lism  to  construct  a  low  temperature  expansion  for  various  experimentally 
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accessible  quantities  in  itinerant  electron  ferromagnets  presented  in 
Section  2.2.  Here  we  were  able,  not  only  to  obtain  explicit  expressions 
for  the  corrections  arising  from  the  thermal  excitation  of  the  elemen¬ 
tary  quanta,  but  also  demonstrate  how  the  requirements  of  the  spin 
rotational  invariance,  as  realized  in  the  W-T  identities,  allow  us  to 
determine  in  an  explicit  and  model  independent  fashion, detail ed  infor¬ 
mation  regarding  the  low  temperature  properties  of  these  systems.  In 
this  way  we  were  able  to  show  how  the  empirically  well  established  Bloch 
law  for  the  magnetization  together  with  the  dependence  of  the 
quasi-particle  spectrum  arising  from  the  magnon  excitations  were  to 
be  regarded  as  strict  requirements  of  the  spin  rotational  invariance. 

These  rather  general  considerations  were  complemented  by  the 
approximate  calculation  of  the  magnetization,  presented  in  Appendix  B, 
where  the  approximation  was  determined  in  such  a  way  as  to  be  consistent 
with  the  rigorous  requirements  of  the  W-T  identities. Thi s  means  therefore 
that  despite  the  approximate  nature  of  the  calculation,  it  does  nevertheless 

3/2 

manifest  the  correct  leading  thermal  correction  (i.e.  T  )  arising  from 
the  thermally  excited  magnons.  This  suggests  that  the  approximation  scheme 
outlined  in  Appendix  B  provides  a  useful  starting  point  for  a  more  realis¬ 
tic  treatment  of  the  itinerant  electron  model  of  ferromagnetism. 

While  the  considerations  of  Section  2.2  concerned  themselves  with 
the  particular  case  of  spontaneously  broken  spin  symmetry  in  itinerant 
electron  systems,  the  method  is  of  a  sufficiently  general  character  so 
as  to  be  able  to  compute  not  only  the  leading  magnon  corrections  to  a 
large  number  of  observable  quantities,  but  also  may  be  applied  to  consi¬ 
der  analogous  situations  in  other  types  of  condensed  states.  The  reason  for 
this  lies  in  the  fact  that  all  the  essential  features  of  the  analysis 
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presented  in  Section  2.2,  such  as  the  appearance  of  the  Goldstone  mode 
and  the  manner  in  which  it  couples  to  various  operator  quantities,  have 
their  analogue  in  other  ordered  states  since  such  features  are  a  general 
property  of  spontaneously  broken  symmetry.  One  would  expect  therefore 
the  low  temperature  expansion,  together  with  the  W-T  identities,  to  be 
applicable  in  areas  such  as  triplet  superfluidity,  triplet  superconduc¬ 
tivity  and  phonon  dynamics  in  crystals,  since  all  are  ordered  states 
characterized  by  the  appearance  of  an  order  parameter  and  all  of  which 
manifest  an  observable  gapless  collective  excitation  (the  Go! dstone  mode ) . 
This  provides  us  with  an  obvious  extension  of  this  work. 

While  the  important  role  played  by  the  W-T  relations  in  the 
analysis  of  the  ferromagnetic  state  is  perhaps  not  surprising,  their 
application  to  the  analysis  of  the  paramagnetic  domain  of  ferromagnetic 
(and  nearly  ferromagnetic)  itinerant  spin  systems  presented  in  Section 
2.3  is  rather  surprising.  In  the  paramagnetic  domain  one  would  suppose 
that  the  requirements  of  spin  rotational  invariance  and  the  correspond¬ 
ing  W-T  identities  would  be  satisfied  in  a  very  trivial  sense  and  hence 
be  of  little  computational  value.  This  however  is  not  in  fact  the  case. 
In  Section  2.3,  you  will  recall,  we  were  able  to  exploit  the  spin  rota¬ 
tional  invariance  in  a  non-trivial  fashion  by  considering  the  response 
of  the  system  to  a  small  symmetry  breaking  term.  This,  we  found,  was 
due  to  the  fact  that  the  response  of  the  system  is  severely  controlled 
by  the  requirements  of  the  spin  rotational  invariance  and  the  correspond¬ 
ing  W-T  identities.  Indeed  it  was  shown  how  an  exact  expression  for  the 
low  momentum  limit  of  the  electron  paramagnon  vertex  could  be  obtained 
in  terms  of  the  induced  magnetization  together  with  the  splitting  of 
the  electron  self-energy.  This  allowed  us  to  obtain  an  exact  expression 
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for  the  static  susceptibility.  This  result  is  of  more  than  formal  in¬ 
terest  and  may  be  regarded  in  one  of  two  ways.  In  the  first  instance  it 
may  be  taken  as  a  consistency  requirement  for  the  low  momentum  limit  in 
any  approximate  calculation  of  the  electron  paramagnon  vertex  r,  in 
order  to  ensure  that  the  static  long  wavelength  limit  of  the  transverse 
susceptibility  is  consistent  with  the  response  of  the  induced  magneti¬ 
zation  M  to  the  "applied  field"  h.  Thus 

lim  x(q)  =  lim  I  ,  (5.1 ) 

q+0  h->0  n 

as  required  by  the  spin  rotational  invariance.  In  the  second  instance 
it  may  be  regarded  as  a  simple  means  whereby  the  vertex  r  and  hence  the 
static  susceptibility,  may  be  calculated  in  terms  of  the  electron  self¬ 
energy.  It  was  this  latter  aspect  contained  within  the  W-T  relations 
with  which  we  concerned  ourselves  in  the  remainder  of  Section  2.3.  What 
we  found  was  that  we  were  able  to  obtain,  in  the  case  of  the  local 
contact  interaction  model,  an  exact  expression  for  the  corrections  to 
RPA  susceptibility  arising  from  the  spin  fluctuations  entirely  in  terms 
of  the  paramagnon  contributions  to  the  electron  self-energy.  Within  the 
context  of  this  result  an  explicit  expression  for  the  leading  order 
correction  to  the  static  susceptibility  arising  from  the  spin  fluctua¬ 
tions  was  obtained  and  it  was  shown  how  the  results  of  previous  work,  by 
other  authors,  could  be  recovered  and  hence  to  what  extent  the  require¬ 
ment  of  the  spin  rotational  invariance  were  satisfied.  In  particular 
we  were  able  to  give  a  rather  systematic  explanation  of  the  so-called 

SCR  method  of  Moriya  and  Kawabata,  in  terms  of  the  lowest  order  para- 

f  91 

magnon  corrections  to  the  electron  self-energy  . 
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As  we  emphasized  in  the  discussion  in  Section  2.1,  if  the  itin¬ 
erant  electron  model  is  to  account  for  the  finite  temperature  properties 
of  ferromagnetic  metals,  then  it  is  essential  that  corrections  arising 
from  the  spin  fluctuations  be  included.  At  the  present  time  the  SCR 
technique  provides  one  of  the  few  methods  whereby  such  effects  may  be 
included  and  it  has  had  considerable  success  in  accounting  for  a  wide 
range  of  the  observed  properties  in  weak  itinerant  electron  systems^^, 
The  discussion  of  the  SCR  method  within  the  context  of  the  formalism 
presented  in  Section  2.3  is  important  in  that  it  indicates  to  what  ex¬ 
tent  the  SCR  procedure  is  consistent  with  the  requirements  of  spin 
rotational  invariance,  within  the  paramagnetic  region.  More  than  this 
however,  the  result  of  Section  2.3  shows  quite  clearly  the  basic  assump¬ 
tions  and  approximations  underlying  the  SCR  procedure.  It  should  be 
possible  therefore  to  construct  other  renormalization  schemes  for  the  self- 
consistent  treatment  of  the  spin  fluctuations  which  allow  us  to  go 
beyond  the  SCR  procedure.  One  important  extension  of  the  work  presented 
in  Section  2.3,  together  with  the  considerations  of  Section  2.2,  would 
be  the  development  of  a  renormalization  prescription  which  allowed  us 
to  include  the  effects  of  the  spin  fluctuations  in  both  the  ferromag¬ 
netic  and  paramagnetic  domains  in  an  entirely  consistent  fashion,  both 
in  the  case  of  an  applied  field  (induced  symmetry  breaking)  and  in  the 

case  of  zero  field  (spontaneous  symmetry  breaking  when  T<T  ).  Such  a 

c 

unified  treatment  would  have  application  in  many  aspects  of  itinerant 
electron  ferromagnetism. 

The  phenomena  of  superconductivity  in  metals  also  finds  its  ex¬ 
planation  within  the  framework  of  spontaneously  broken  symmetry.  In 
the  case  of  superconductivity  it  is  the  phase  symmetry  of  the  electrons 
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which  is  spontaneously  broken.  While  there  exist  many  close  analogies 
between  the  superconducting  state  and  the  ferromagnetic  state,  in  itin¬ 
erant  electron  systems,  there  exist  many  important  differences  between 
the  two.  In  the  first  place  the  phase  symmetry  is  an  abelian  symmetry, 
whereas  the  spin  symmetry  represents  a  non-abelian  symmetry.  This 
means,  for  example,  that  the  ferromagnetic  state  offers  a  far  richer 
variety  of  singular  topological  structures  than  does  the  superconducting 
state  where  all  topological  singularities  may  be  regarded  as  superposi¬ 
tions  of  the  basic  line  or  vortex  singularity^ , discussed  in  Chapter  4. 
The  second  main  difference,  from  a  theoretical  point  of  view,  between 
the  superconducting  state  and  the  ferromagnetic  state  in  itinerant  elec¬ 
tron  systems  is  the  peculiar  role  played  by  the  gauge  degree  of  freedom 
in  the  superconducting  state.  The  most  important  manifestation  of  this 
is  the  fact  that  the  Goldstone  fields  are  not  observable  as  gapless  par¬ 
ticle  like  excitations;  this  may  be  understood  in  terms  of  the  Anderson- 
Kibble-Higgs  mechanism^ 38,139,140,141  ] .  ^  -s  t^is  rather  subtle  rela¬ 

tionship  between  the  broken  phase  symmetry  and  the  requirements  of  gauge 
invariance  which  give  rise  to  many  of  the  properties  peculiar  to  the 
superconducting  stated.  Indeed  it  may  be  argued  that  despite  the 
somewhat  simple  abelian  nature  of  the  phase  symmetry,  the  superconduct¬ 
ing  state  represents  the  most  puzzling  of  all  the  ordered  states  in 
condensed  matter  physics,  the  possible  exception  being  perhaps  the  super¬ 
fluid  state. 

The  recent  discovery,  therefore,  of  the  magnetic  superconductors, 
such  as  the  Chevrel  and  the  ReRh^B^  compounds,  which  exhibit  both  a 
ferromagnetic  as  well  as  a  superconducting  nature,  provide  us  with  what 
must  be  among  one  of  the  most  exotic  of  physical  systems.  It  is  there- 
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fore  hardly  surprising  that  such  materials  exhibit  a  wide  range  of 
peculiar  properties;  the  co-existence  phase  together  with  the  modulated 
spin  ordering,  the  re-entrant  phenomena  and  the  first  order  transition 
to  the  normal  state  at  H  ^  >  are  examples  of  properties  peculiar  to 
these  materials. 

Given  the  rather  complex  nature  of  these  compounds  it  is  perhaps 
rather  surprising  that  many  of  their  properties  may  be  understood  in  a 
qualitative  sense  at  least,  solely  through  the  electromagnetic  inter¬ 
action  between  the  persistent  current  and  the  magnetic  moment  of  the 
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rare  earth  ions  .  This  approach  is  based  on  the  assumption  that  the 
effect  of  the  d-f  interaction  may  be  incorporated  through  a  temperature 
independent  renormalization  of  the  physical  parameters.  This  rather 
simple  approximation  is  inadequate  however  when  one  wishes  to  make  a 
more  detailed  quantitative  comparison  between  theory  and  experiment. 

This  is  particularly  true  in  the  light  of  the  recent  magnetization  mea¬ 
surements  on  single  crystal  ErRh^B^. ^ ^  There  exists  therefore,  a 
clear  need  for  a  unified  treatment  of  ferromagnetic  superconductors 
which  includes,  in  a  unified  and  consistent  fashion,  the  d-f  interaction 
as  well  as  the  electromagnetic  interaction.  Thus  while  the  presentation 
of  such  a  formalism  in  Section  4.2  may  be  considered  to  be  of  a  rather 
formal  nature,  the  motivation  for  such  a  detailed  treatment  of  the  mutual 
interactions  between  the  rare  earth  moments  and  the  superconducting 
electrons  is  nevertheless,  largely  empirical  in  origin. 

Despite  the  apparent  complexity  of  the  derivation  presented  in 

Section  4.2  the  resultant  formalism  is  relatively  straightforward.  The 

expression  for  the  free  energy  given  in  Eq.  (4.91),  for  example,  is 

f28l 

formally  equivalent  to  that  obtained  in  the  earlier  work1  J 


,  although 
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the  more  detailed  treatment  of  the  effects  of  the  d-f  interaction  means 
that  the  individual  terms  appearing  in  the  free  energy  are  of  a  somewhat 
complex  nature.  The  calculation  of  the  various  quantities  appearing  in 
the  expression  for  the  free  energy  is  not  quite  so  complicated, 
as  one  might  expect  and  is  contained  entirely  in  the  calculation  of  the 
spin  splitting  parameter  u,  which  may  be  thought  of  as  the  spatial  aver¬ 
age  of  the  mean  field  experienced  by  the  electrons  due  to  the  polariza¬ 
tion  of  the  rare  earth  ions,  together  with  the  scale  factor  s(t;h), 
which  arises  from  the  temperature  and  field  dependent  renormalization 
of  the  BCS  coupling  constant  arising  from  the  scattering  of  the  super¬ 
conducting  electrons  by  the  fluctuations  in  the  localized  spins.  The 
definition  and  evaluation  of  these  quantities  is  contained  in  Section  4.2. 

The  definition  of  the  spin  splitting  term  y  together  with  the 
scale  factor  s  allows  us  to  express  the  effect  of  the  d-f  interaction 
on  the  various  superconducting  quantities  such  as  the  superconducting 
gap,  the  coherence  length,  the  field  dependent  condensation  energy  and 
the  London  penetration  depth,  through  the  scaling  of  a  set  of  two  para¬ 
meter  functions.  A  summary  of  the  results  was  presented  in  Eqs.  (4.146), 
(4.147)  and  (4.148)  together  with  the  definitions  contained  in  Eqs. 

(4.149)  to  (4.162). 

The  formalism  developed  in  Section  4.2  was  applied  to  the  analy¬ 
sis  of  the  Meissner  state  of  ErRh^B^  in  Section  4.2  and  to  the  mixed 
state  in  ErRh^B^.  In  the  analysis  of  the  Meissner  state  it  was  shown 
how  the  condensation  energy  and  the  superconducting  gap  are  strongly 
affected  by  the  scattering  of  the  electrons  by  the  localized  spin 
fluctuations.  In  the  case  of  the  London  penetration  depth  the  effect 
was  not  so  pronounced  until  the  temperature  was  very  close  to  T  (^T^). 
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The  results  are  shown  in  figures  4,  5  and  6. 

The  results  of  the  condensation  energy  are  in  good  agreement  with 

the  unpublished  estimates  obtained  from  the  magnetization  curves  of  sin- 

[122] 

gle  crystal  ErRh^B^.  While  the  London  penetration  depth  is  not  a 

quantity  which  is  directly  observed  from  experiment  an  analysis  of  the 
effective  penetration  depth  x  may  be  defined  in  terms  of  certain  exper¬ 
imentally  accessible  quantities  such  as  the  change  in  the  resonant  fre¬ 
quency  of  a  cavity.  An  analysis  of  the  effective  penetration  depth  X 
for  the  case  of  ErRh^B^  together  with  some  recent  experimental  measure¬ 
ments  on  polycrystal  1 ine  samples  is  presented  in  Appendix  D.  At  high 

temperatures  (T <  T  )  the  effective  penetration  depth  and  the  London 

c 

penetration  depth  may  be  shown  to  be  related  by  means  of  a  simple  scale 

1  /2 

factor  [l+4x(T]  .  The  values  obtained  in  this  region  are  in  reason¬ 

able  agreement  with  the  results  obtained  in  Chapter  4.  At  lower  tem¬ 
peratures  however  there  is  no  straightforward  relationship  between  the 
effective  penetration  depth  and  the  London  penetration  depth  due  to  the 
critical  spin  fluctuations  associated  with  the  appearance  of  the  surface 

magnetization  sate  at  T  . 

s 

The  application  of  the  formalism  presented  in  Section  4.2  to  the 
analysis  of  the  magnetic  properties  of  the  mixed  state  is  relatively 
straightforward.  From  the  expression  of  the  free  energy  given  by  Eq. 
(4.91)  one  computes  the  Gibbs  free  energy  for  a  given  vortex  density 
n  and  a  given  external  field  H.  The  minimization  of  the  Gibbs  free 
energy  with  respect  to  the  vortex  density,  for  a  given  external  field  H, 
yields  the  equilibrium  flux  density  n  for  a  given  applied  field,  which 
we  denote  by  H(n).  The  details  of  this  procedure  were  presented  in 


Section  4.3. 


> 


Now  from  a  knowledge  of  the  applied  field  H(n)  and  the  equili¬ 
brium  value  of  the  Gibbs  free  energy  we  can  obtain  a  number  of  important 
results.  For  example  the  lower  critical  field  H  ^  is  given  by  H(n  ^), 

where  n  ,  is  determined  from  the  condition 
cl 

Gs(ncl;H(ncl))  =  Gs(0;H(ncl))  > 

where  Gs(n;H)  denotes  the  Gibbs  free  energy  calculated  in  the  super¬ 
conducting  state  for  flux  density  n  and  applied  field  H.  Two  situations 
can  arise;  n^  =0  in  which  case  the  transition  from  the  Meissner  state 
to  the  mixed  state  is  second  order  and  n^  ^  0  in  which  case  the  transi¬ 
tion  is  first  order.  Usually  the  difference  between  H(n  .|)  and  H(n=0) 
is  negligible. 

The  analysis  of  the  lower  critical  field  was  performed  for  both 
the  hard  and  easy  axes  in  ErRh^B^,  both  with  and  without  the  effect  of 
the  spin  fluctuations.  The  results  obtained  were  found  to  be  in  reasonabl 
agreement  with  the  observed  values.  Little  qualitative  difference  was 
found  between  the  hard  and  easy  axes  or  between  the  results  with  and 
the  results  without  the  effect  of  the  spin  fluctuations.  The  only 
result  worthy  of  note  was  the  fact  that  the  analysis  including  the  spin 
fluctuations  exhibited  a  small  first  order  transition  at  at  low  tem¬ 
peratures  whereas  the  analysis  without  the  pair  breaking  effect  of  the 
fluctuations  did  not.  This  may  be  attributed  to  the  suppression  of  the 
spin  fluctuations  as  the  vortex  density  increases  and  the  consequent 
decrease  in  the  pair  breaking  effect  due  to  the  fluctuations.  Thus  we 
see  that  the  effect  of  the  spin  fluctuations  enhances  the  effect  of  the 

electromagnetic  interaction  to  induce  a  first  order  transition  at 

.  -|  .  .  [27,28,116,135] 

at  lower  temperatures 
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As  the  flux  density  increases  the  corresponding  increase  in  the 

induced  polarization  of  the  rare  earth  magnetic  moments,  means  that  the 

differences  between  the  hard  and  easy  axes  become  more  apparent.  This 

is  clearly  seen  when  one  compares  the  results  of  the  upper  critical 

field  shown  in  figures  15  and  17  for  the  easy  axis  with  those  of  the 

hard  axis  shown  in  figures  16  and  18.  In  the  case  of  the  easy  axis,  the 

upper  critical  curve  has  a  peak  value  of  around  2.2  at  t  (=  T/T  )  =  0.7K 

0 

while  the  hard  axis  curves  are  qualitatively  similar  to  those  observed 

in  the  non-magnetic  case,  with  a  peak  value  just  above  Tp  of  around 

8-10  KG,  although  it  should  be  noted  that  the  pair  breaking  effect  of 

the  spin  fluctuations  does  indicate  a  slight  reduction  in  H c2  before 

T  .  While  the  rather  marked  difference  between  the  upper  critical  field 
P 

is  accounted  for  some  extent  by  the  induced  magnetization  (H  2  =  nc2  ’ 
and  the  effect  of  the  electromagnetic  interaction,  the  sharp  reduction 
in  the  upper  critical  field  below  t-0.7,  is  due  mainly  to  the  reduction 
in  the  critical  flux  density  n ^  resulting  from  the  pair  breaking  effect 
of  the  Zeeman  splitting  of  the  electron  spins  arising  from  the  d-f  inter¬ 
action  . 

While  the  results  for  the  upper  and  lower  critical  field,  presen¬ 
ted  in  Section  4.3,  are  in  reasonably  good  agreement  with  the  experimen¬ 
tal  results  for  single  crystal  ErRh^B^,  it  could  be  argued  that  the 
effects  of  the  d-f  interaction  are  essentially  quantitative.  One  could 
still  claim,  therefore,  that  the  observed  properties  of  ErRh^B^  may  be 
understood  qua! i tati vely,at  least,  solely  on  the  basis  of  the  electro¬ 
magnetic  interaction. 

Such  a  viewpoint  becomes  difficult  to  sustain  when  we  turn  our 
attention  to  the  effect  of  the  d-f  interaction  on  the  easy  axis 


. 


H 
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magnetization  curves  and  the  nature  of  the  transition  to  the  normal 
state  at  H  £•  In  figures  19  and  20  the  calculated  easy  axis  magnetiza¬ 
tion  curves  exhibit  a  distinctly  convex  nature  around  H Indeed  we 
find  that  as  the  temperature  is  lowered  the  convex  nature  of  the  magne¬ 
tization  curve  becomes  so  pronounced  that  the  magnetization  curve 
exhibits  a  supercooling  portion  at  low  temperatures.  This  implies  that 
the  magnetization  curve  exhibits  a  jump  at  H ^  and  hence  the  transition 

to  the  normal  state  at  H  0  is  first  order.  This  is  in  accordance  with 

c2 

the  experimental  results  on  single  crystal  ErRh^B^.  ^ 

A  number  of  comments  are  perhaps  appropriate  in  regard  to  the 
above  results.  The  first  is  that  it  is  important  to  appreciate  that 
the  application  of  the  formalism  presented  in  Section  4.2  to  the  analy¬ 
sis  of  the  mixed  state  allows  one  to  treat  the  entire  temperature  domain 
above  Tp  ,  including  the  region  in  which  the  transition  at  H ^  is  first 
order,  in  an  entirely  consistent  manner.  The  first  order  transition  at 
Hc2  and  the  consequent  jump  in  the  magnetization  were  seen  to  emerge 
from  the  calculations  outlined  in  Section  4.3  in  a  very  natural  way  and 
were  not  in  any  sense  "put  in  by  hand".  The  second  comment  is  that  the 
results  of  this  analysis  allow  us  to  conclude  that  despite  the  rela¬ 
tively  weak  nature  of  the  d-f  interaction, its  effect  on  the  magnetiza¬ 
tion  measured  with  respect  to  the  easy  axis  in  ErRh^B^  is  quite  dramatic 
and  gives  rise  to  the  observed  first  order  transition  to  the  normal 
state  at  H^. 

The  success  of  the  formulation  presented  in  Section  4.2  in  des¬ 
cribing  many  of  the  observed  quantities  in  the  recent  measurements  on 
ErRh^B^,  suggests  that  it  does  contain  the  essential  aspects  of  magnetic 
superconductors  such  as  the  RERh^B^  compounds.  It  is  worthwhile  to 


-V 
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consider  therefore  extensions  of  this  formulation  to  other  materials, 
such  as  the  anti  ferromagnetic  superconductors  and  other  geometries  such 
as  thin  films.  While  most  of  the  data  presently  available  in  these 
situations  is  on  polycrystall ine  samples  there  is  a  good  chance  that 
single  crystal  samples  will  become  available  in  the  near  future.  It 
would  be  interesting,  therefore,  to  see  to  what  extent  the  analysis  pre¬ 
sented  in  Chapter  4  would  be  applicable. 

In  the  magnetic  superconducting  compounds,  such  as  ErRh^B^  and 
the  other  ternary  compounds,  the  physical  description  is  that  of  a 
lattice  of  rare  earth  ions  immersed  in  a  sea  of  conduction  electrons. 

The  atomic-like  character  of  the  core  electrons  associated  with  the  rare 
earth  ions  thus  allows  us  to  treat  the  system  as  an  array  of 
localized  magnetic  moments  interacting  weakly,  in  the  case  of  the  ter¬ 
nary  superconductors  at  least,  with  the  conduction  electrons  through  the 
various  exchange  interactions  and  the  electromagnetic  interaction. 

Recent  investigations  have  uncovered  a  number  of  other  metallic  alloys 
whose  physical  properties  appear  to  involve  an  interplay  between  the 
magnetism  and  superconductors,  but  for  which  such  a  tidy  separation, 
into  conduction  electron  and  localized  moment,  is  no  longer  appropriate. 

fi43  144] 

One  example  of  such  a  material  is  the  binary  alloy  Y^COg  * 

(or  YgCOy);  this  shows  a  transition  to  a  magnetically  ordered  state  at 

around  6-8°K  and  a  transition  to  the  superconducting  state  at  around 

2-3°K.  Thus  we  see  that  the  order  of  the  transition  is  reversed  from 

that  observed  in  the  rare  earth  ternary  compounds  ErRh^B^  and  HoMOgSg. 

Another  difference  arises  from  the  fact  that  the  magnetic  properties  of 

n  451 

the  Y^COg  seem  to  suggest  that  it  is  a  weak  itinerant  ferromagnetL  . 
If  this  is  in  fact  the  case  then  it  is  the  conduction  electrons  which 


\ 
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produce  both  the  superconducting  order  as  well  as  the  magnetic  order. 

In  addition  to  this  it  would  appear  that  the  effect  of  the  spin  fluctua¬ 
tions  is  important  and  the  measured  magnetization  is  qualitatively 

fl  45] 

similar  to  that  predicted  by  the  SCR  theory1-  .  It  would  seem  there¬ 
fore  that  the  work  on  itinerant  electron  systems  presented  in  Chapter  3 
could  be  profitably  combined  with  the  work  on  magnetic  superconductors 
to  investigate  such  materials. 

Yet  another  puzzling  class  of  compounds  are  the  so-called  heavy 

[146] 

fermions  systems  such  as  the  ternary  compound  CeCu^Ci^  and  the 

binary  compound  UBe,^^!,  both  of  which  exhibit  a  number  of  interest¬ 
ing  and  unusual  features  at  low  temperature.  Both  for  example  are 
characterized  by  an  anomalously  large  specific  heat,  indicating  the 
presence  of  itinerant  electrons  with  an  effective  mass  about  three 
orders  of  magnitude  greater  than  that  of  a  free  electron.  Furthermore 
both  materials  become  superconducting  as  the  temperature  is  lowered  at 
0.65°K  in  the  case  of  the  CeCi^S^  and  0.85°K  in  the  case  of  the  UBe-j  ^ * 
The  experimental  evidence  accumulated  so  far  indicates  that  the  large 
specific  heat  and  the  appearance  of  the  superconductivity  is  due  to  the 
presence  of  an  unfilled  f  shell  which  lies  just  below  the  fermi  energy. 
This  may  also  account  for  the  anomalous  nature  of  the  resistivity  and 
the  inverse  magnetic  susceptibility  observed  at  higher  temperatures.  As 
yet  no  suitable  theory  exists  which  can  account  for  these  peculiar  and 
exotic  materials. 

And  with  these  enigmatic  compounds  in  our  minds  and  the  promise 
that  the  subtle  interplay  of  magnetism  and  superconductivity  is  by  no 
means  a  closed  book,  we  draw  this  discussion  to  a  close. 
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Table  1 


Various  experimental  data  used  in  the  analysis  of  the  mixed 
state  in  single  crystal  ErRh^B^.  See  Section  4.3. 
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Table  2.  Dimensionless  parameters  used  in  the  analysis  of  the  mixed 
state  presented  in  Section  4.3,  including  the  effect  of  the 
spin  fluctuations. 
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Table  3 


Dimensionless  parameters  used  in  the  analysis  of  the  mixed 
state  presented  in  Section  4.3,  not  including  the  effect  of 
the  spin  fluctuations  s  =  l. 


t(a)  =  TU)/T  =  o.ii5 
m  m  '  c 


ti,c)  =  Ttc)/T  »  -2. 


m  m 
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tp  Tp/Tc  =0.092 

=  4irC/f  a'  =  2.312 
m 


goN(0)  =  0.3 

d  =  (— ^-)  =  0.452  x  10"2 

TA  fn 
m  Lo 

J  =  7.5 


<b  =  3-5 


Iq  ,V1  nJN 
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Table  4.  Dimensionless  parameters  used  in  the  calculation  of  the 

effective  coupling  constant  shown  in  figure  3  together  with 
corresponding  scale  factor.  The  quantities  d^  and  are 
chosen  so  as  to  emphasize  the  effect  of  the  fluctuations. 
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2  2 

Table  5.  Calculated  values  of  the  condensation  energy  Hc(t;h)/Hco  for 

2 

various  values  of  h(=H/<J>X^)  and  t(=T/T  ).  The  parameters  used 
are  those  given  in  table  2. 
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0.03 
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0.269152 
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Fig.  1.  Lowest  order  electron  self-energy  corrections  arising  from  the 
traverse  and  longitudinal  spin  fluctuations.  See  Eqs.  (3.170a) 
and  (3.170b).  (Source  Ref.  67) 
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Fig.  2.  Contour  for  the  complex  integral  contained  in  the  expression 
for  (x;y).  See  Eq.  (4.156).  (Source  Ref.  153) 
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Fig.  3.  The  temperature  dependent  coupling  constant  g(t;h)/g(l  ;0)  and 
the  corresponding  scale  factor  s(t;h),  calculated  using  the 
parameters  shown  in  table  4. 
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Fig.  4.  Temperature  dependence  of  the  superconducting  gap  including 

the  effect  of  the  spin  fluctuations  (solid  curve)  and  the  BCS 
result  for  comparison  (dotted  curve).  The  parameters  used  are 
those  given  in  table  2.  (Source  Ref.  153) 
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Fig.  5.  Temperature  dependence  of  the  condensation  energy  including  the 
effect  of  the  spin  fluctuations  (solid  curve)  and  the  BCS  result 
(dotted  curve)  for  comparison.  The  parameters  used  are  those 
given  in  table  2.  (Source  Ref.  153) 
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Fig.  6.  Temperature  dependence  of  the  London  penetration  depth  including 
the  effect  of  the  spin  fluctuations  (solid  curve)  and  the  BCS 
result  (dotted  curve)  for  comparison.  The  parameters  used  are 
those  given  in  table  2.  (Source  Ref.  153) 


183 


t 


Fig.  7.  Temperature  dependence  of  the  gap  for  various  values  of  the 

_2 

reduced  internal  field  h  (  =  H/<j)X^  ).  The  parameters  used  are 
those  given  in  table  2.  (Source  Ref.  153) 
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Fig.  8.  Temperature  dependence  of  the  field  dependent  condensation 

energy  for  various  values  of  the  reduced  internal  field  h 

_2 

(H/fAfc)*  The  parameters  used  are  those  given  in  table  2. 
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Fig.  9.  Temperature  dependence  of  the  London  penetrati 
various  values  of  the  reduced  internal  field  h 
The  parameters  used  are  those  given  in  table  2 
Ref.  153) 
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Fig.  10.  Field  dependence  of  the  superconducting  gap  for  various  values 
of  the  reduced  temperature.  The  parameters  used  are  those 
given  in  table  2.  (Source  Ref.  153) 
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Fig.  11.  Field  dependence  of  the  London  penetration  depth  for  various 
values  of  the  reduced  temperature.  The  parameters  used  are 
those  given  in  table  2.  (Source  Ref.  153) 
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Fig.  12.  Field  dependence  of  the  London  penetration  depth  for  various 
values  of  the  reduced  temperature.  The  parameters  used  are 
those  given  in  table  2.  (Source  Ref.  153) 
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Fig.  13.  Schematic  illustration  of  the  magnetization  curve  in  the 
neighbourhood  of  for  a  type  II..  ^  superconductor . 
(Source  Ref.  154) 
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Fig.  1 


Schematic  illustration  of  the  magnetization  curve  in  the 
neighbourhood  of  for  a  type  1 1  -j  .  superconductor. 
(Source  Ref.  154) 
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Fig.  15.  The  easy  axis  upper  and  lower  critical  fields  H  ^  and  H  -j 
calculated  using  the  parameters  given  in  table  2  i ncl udi ng 
the  effect  of  the  spin  fluctuations.  The  dotted  portion 
represents  H^.  Also  shown  are  the  experimental  measurements 
after  Crabtree  et  al.^^  (Source  Ref.  154) 
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Fig.  16. 


The  hard  axis  upper 
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fluctuations.  Also 


critical  field  H ^  calculated  using  the 

table  2  i ncl uding  the  effect  of  the  spin 

shown  are  the  experimental  measurements 

[10] 


after  Crabtree  et  al . 


(Source  Ref.  154) 
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Fig.  17.  The  easy  axis  upper  and  lower  critical  fields  and 

calculated  using  the  parameters  given  in  table  3  negl ecting 
the  effect  of  the  spin  fluctuations  (i.e.  s  =1).  The  dotted 
portion  represents  H^.  Also  shown  are  the  experimental 
measurements  after  Crabtree  et  al.^^  (Source  Ref.  154) 
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Fig.  18.  The  hard  axis  upper  critical  field  H ^  calculated  using  the 

parameters  given  in  table  3  neglecting  the  effect  of  the  spin 
fluctuation  (i.e.  s  =1).  Also  shown  are  the  experimental 
results  after  Crabtree  et  al.^^  (Source  Ref.  154) 
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Fig.  19.  Easy  axis  magnetization  curves  for  various  values  of  the 

reduced  temperature  calculated  using  the  parameters  given  in 
table  2  i n cl uding  the  effect  of  the  spin  fluctuations. 


(Source  Ref.  154) 
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Fig.  20.  Easy  axis  magnetization  curves  for  various  values  of  the  reduced 
temperature  calculated  using  the  parameters  given  in  table  3 
neglecting  the  effect  of  the  spin  fluctuations.  (Source  Ref.  154) 
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Fig.  21.  The  jump  in  the  magnetization  at  H  ^ ,  AMj,  calculated  from 
the  curves  similar  to  those  shown  in  figure  19.  (Source 
Ref.  154) 
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Fig.  22.  The  jump  in  the  magnetization  at  H  £»  AMjj.  The  lower  curve 

(labelled  A)  is  calculated  from  the  parameters  given  in  table  2 
including  the  effect  of  the  spin  fluctuations.  The  upper  curve 
(labelled  B)  is  calculated  from  the  parameters  given  in  table  3 
neglecting  the  effect  of  the  spin  fluctuations.  (Source  Ref. 
154) 
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Fig.  23.  The  contour  C  employed  in  the  path  ordering  method,  described 
in  Appendix,  to  generate  the  real  time  finite  temperature 
Green's  functions. 
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Fig.  24.  Diagrammatic  contributions  to  the  vertices  and 
to  obtain  the  expressions  given  in  Eqs .  (B.3a)  and 


r...  used 
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(B. 3b) . 
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Fig.  25.  Geometry  near  the  surface  for  calculation  of  surface  impedance 
in  Appendix  D. 
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Fig.  26.  Penetration  depth  A(co)  for  ErRh^B^.  The  circles  are  experimen¬ 
tal  values  (to  =9.3  GHz,  Tc=8.7°K).  The  solid  line  is  the 

theoretical  curve  (T  =1.0°K,  4ttC/T  =2.3,  A,  (0)  =  908  A, 

m  m  L 

dQ  =  0.2529  x  1  0~^,  8/A^=86.4,  y=y=0).  The  dashed  line  is 
for  the  BOS  theory  (A^(0)  =1184  A).  The  dot-dashed  line  is 
for  the  static  non-local  theory  in  refs.  [150]  and  [149] 

(k^  =4,  dQ  =0.4254  x  10  A^(0)  =749  A.  Other  parameters 

are  the  same  as  for  the  solid  line.) 
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Fig.  27.  Penetration  depth  X(w)  for  Erg  ^HOq  ^Rh^B^.  The  circles  are 

experimental  values  (to  =9.3  GHz,  Tc=7.35°K).  The  solid  line 

is  the  theoretical  curves  (T  =3.2°K,  4ttC/T  =2.3,  d  =1.0, 

m  m  o 

U  =  0  and  for  (a),  y=0.5,  6/A^(0)  =52.2,  A^(0)  =868  A  and  for 
(b),  y  =0,  S/A  (0)  =59.1  ,  XL(0)  =  767  A).  The  dashed  line  is 
for  the  BCS  theory  (X^(0)  =1186  A). 
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APPENDIX  A 

The  Path  Ordering  Method 


In  this  section  we  wish  to  briefly  discuss  the  finite  temperature 

Green's  function  method  using  the  path  ordering  technique  presented  by 

Mills^»36]  ancj  .j£S  re-|ation  to  the  TFD  formalism  following  Matsumoto 
f42  431 

et  alL  *  .  The  reason  for  including  this  short  digression  is  that 

while  the  path  ordering  method  really  only  provides  us  with  a  formula¬ 
tion  for  the  perturbation  theory  in  terms  of  Feynman  diagrams  for  the 
real  time  finite  temperature  Green's  functions  as  opposed  to  the  complete 
finite  temperature  field  theoretic  formulation  provided  us  by  thermo¬ 
field  dynamics,  it  does  serve  to  highlight  the  relation  between  the 
more  familiar  Matsubara  method  and  TFD.  It  also  provides  as  I  shall 
demonstrate  a  somewhat  different  raison  d'etre  for  the  tilde  degrees  of 
freedom  than  that  provided  in  the  discussion  of  section  2.1. 

We  begin  by  considering  the  two  point  G^g  defined  by 

GAB(x-y)  =  Tr{e'6HA(x)B(y)}/Tr{e'BH}  (A.l) 


inserting  a  complete  set  of  energy  eigenstates  we  note  that 


iE  (x  -y  +i$) 

Gng(x-y)  =  Z  e  n  0  0  <n|A(x;x  =0) |m> 

nm 

“Em(x  _y  )  ou 

i  <m|B(y;yo=0) |n>/Tr{e  eH} 


(A. 2) 


From  this  we  see  that  the  Greens  function  G^  may  be  analytically  con¬ 
tinued  to  imaginary  times  provided 


-6<Im(x  -yj  <  0 
'  o  o 


(A. 3) 


in  which  case  the  summation  will  converge  exponentially,  since  the 
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eigenvalues  {En}  are  positive  definite.  This  allows  us  to  define  a 
somewhat  more  general  quantity  than  that  given  by  Ea.  (A.l).  If  we 
define  a  contour  C  running  from  t  to  t  -  i3>then  we  can  define  with 
respect  to  this  contour  C,  the  function 

G^Cx-x';2,2')  =  Tr{e'BHTc[A(x;z)B(x' ;z' ) ]}/Tr{e‘6H} .  (A. 4) 

where  Tc  denotes  that  the  operators  appearing  in  the  product  are  ordered 
according  to  their  position  along  the  contour  C.  From  condition  Eq.  (A. 3) 
we  see  that  G?g  is  well  defined  provided  the  contour  C  has  a  monotically 
decreasing  imaginary  part.  Obviously  the  definition  of  the  path  order¬ 
ing  product  defined  for  the  two  point  function  can  be  generalised  to 
consider  other  multi -point  functions,  we  will  however  restrict  the 
discussion  to  the  two  point  function  of  Eq.  (A. 4). 

As  with  the  evaluation  of  the  time  ordered  operators  products  in 
thermofield  dynamics  the  computation  of  Eq.  (A. 4)  may  be  best  achieved  by 
means  of  the  interaction  representation.  Separating  the  Hamiltonian 
into  a  free  part  Hq  and  an  interacting  part  the  Hj 

H  =  H  +  Ht  (A. 5) 

o  I 

we  may  define  the  operators  in  the  interaction  representation  with 
complex  times  as 

iH  z  -iH  z 

4ij(x;z)  =  e  0  i/;(x;0)e  0  .  (A. 6) 

These  are  related  to  the  Heisenberg  field  through  the  evolution  operator 
as 


iMx;z)  =  U(0;z)ipI (x;z)U(z;0)  . 


(A. 7) 
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where  U(z;z')  is  given  by 


U(z;z' )  =  elHoZe-iH(z-z')e-iHz' 


(A. 8) 


This  may  be  computed  perturbatively  for  points  z  and  z'  on  the  contour 
C  as 

z  z 

U(z;z')  =  E  ^ j  C  dz-j . . .  C  dzn  Tc  HHj  (z] )  —  Hj(Zn)] 


n 


z  z 

z 


=  T  [exp  -  i  0  H j (z)dz] 

C  i 


(A. 9) 


where  Hj(z)  simply  denotes  Hj (z) ;ipj (z 1 ) ]  and  (|  means  the  integral  is 
along  the  path  C  in  the  complex  plane.  Defining  the  single  particle 
Greens  function  in  the  path  ordering  formalism  as 


Gc(x-x'  ;z',z 1 )  =  Tr{e  f3HTc [i|; ( x ; z ) 1  ("x;z '  )]}/Tr{e  pn} 


-3H 


(A. 10) 


=  Tr{e 
/Tr{e-6H} 


-6Hrt  (e+it  )H  -(e+it  )■ 


o  o. 


ip(x;z)i/j 1  (x‘  ;z 1  )e1THe  1tHo} 


(A. 11) 


for  Im(z-z')  <  0.  Eq.  (A. 7)  together  with  Eq.  (A. 8)  allows  us  to  write 
Eq.  (A. 11)  as 


-0H 


Gc(x-x'  ;z‘,z' )  =  Tr{e  °U( tQ- i 6 ;z Jipj  (x;z)U(z ;z 1 ) 
iKx'  ;z'  )U(z'  ;t  )}/Tr{e"6H} 


where 


(A. 12) 


,  -6H  on  -1 

=  <Tc[ScipI(x;z)^(x' ;z' )]>Q  [Tr{e  °}Tr{e”pH}  ]  (A. 13) 


=  T„[exp  -  i  (f  HJ(z)dz] 


c  c 


0 


V1'6 


(A. 14) 
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and 

-6H  -3H 

<0>Q  =  Tr{e  0  0 }/T r { e  °}  (A. 15) 

The  perturbative  expression  of  Eq.  (A. 13)  may  be  expressed  in  terms  of 
the  Feynman  diagrams  by  means  of  the  finite  temperature  Wick's  theorem. 

2p  ^  p 

A.  (z. )  ]>0  -  H)P  ^  <TC[A-|  (z-|  )Ar(zr)]>0 

<T[  n  A. ( z - ) ]>  ,  (A16) 

c  i^1  1  1  o 

ifr 

where  the  operators  {A.  (z..)}  denote  the  fields  ipj(z)  and  their  canonical 

4- 

conjugates  ipj(z).  By  virtue  of  Eq.  (A. 16)  and  the  expression  for  Sc 
given  in  Eq.  (A. 14)  the  path  ordered  Greens  functions  of  Eq.  (A. 10) 
may  be  computed  perturbatively  in  terms  of  a  sum  of  products  of 

t 

*T* 

the  propagator  <T  [ipT(z)ipT(z' ) ]>  .  The  association  of  the  various 
contributions  to  the  individual  terms  in  the  perturbation  series  is 
then  straightforward  and  Feynman  rules  similar  to  those  obtained  at 
zero  temperature  may  be  defined. 

Now  while  it  is  the  case  that  the  Feynman  rules  for  the  path 
ordered  Green's  function  Eq.  (A.  10)  are  identical  to  those  generated  by 
the  zero  temperature  theory  the  resultant  integrals  involve  the  path 

4- 

ordered  propagator  <T  [ipT  (z)4>,  (z 1 )  ]>  ,  the  particular  form  of  which 
depends  on  the  choice  of  contour.  If  for  example  we  choose  z  to  be 
pure  imaginary  and  define  C  as  a  contour  running  from  0  to  -iB  then 
we  generate  the  Matsubara  Green's  function  and  it  is  fairly  straight¬ 
forward  to  show  that  the  perturbation  scheme  reduces  to  the  familiar 
imaginary  time  method.  A  more  useful  contour  for  our  purposes  is  that 
shown  in  Fig.  (23),  where  the  portions  and  have  an  infinitesi- 
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mally  decreasing  imaginary  part,  since  if  we  let  z  and  z'  belong  to  the 
portion  of  the  contour  then  the  path  ordered  products,  which  we  have 
denoted  by  T  [...],  reduce  to  time  ordered  products,  T[...].  Further- 
more  one  finds  if  the  quantities  t^  and  tg  are  taken  to  -°°  and  +  °° 
respecti vely ,  then  the  contribution  arising  from  these  positions,  to  the 
path  ordered  Greens  function  of  Eq.  (A. 10)  will  factor  out  and  can  be 
absorbed  by  the  normalisation.  We  see  then  that  the  fields  appearing 
in  Eq.  (A. 13)  are  of  two  types, those  lying  on  the  portion  of  the  contour 

•4* 

C-j  ipj(t)  and  ijjj(t)  and  those  lying  on  the  portion  of  the  contour 
i/j j ( t- i 3/2 )  and  i|>j(t-i3/2).  The  resulting  Feynman  rules  may  then  be 
neatly  summarised  in  terms  of  the  four  component  propagator. 


S*b(x-x')  =  <T 


ipj  (x;  t) 

(x1  t-i  3/2, 


{/(x'  ;t)ip+(x'+  -  i3/2)} 


> 


(A. 17) 


Calculation  shows  that  this  propagator  is  exactly  that  obtained  in 
thermofield  dynamics  and  that  the  Feynman  rules  obtained  from  the  path 
ordering  method  of  Mills  employing  the  contour  shown  in  Fig.  (23)  are 
equivalent  to  those  obtained  in  the  TFD  formalism.  Indeed  the  equiva¬ 
lence  of  the  two  theories  may  be  made  explicit  through  the  identification. 


^a_"*(x;t)  — ►ijj(x't);  Tjja~^(x't)^ — ►  4j^(x;t)  (A. 18) 

and 

\pa~2(x; t) — ^  xp(x;t  -  i3/2);  ^a_2(x't)+ — >  ip+(x;  +  i 3/2 )  (A. 19) 


1  2 

It  is  a  somewhat  surprising  fact  that  the  fields  \ ji  and  ip  may  be 

chosen  so  as  to  commute  (anti-commute).  This  is  by  no  means  obvious 

( 1 \  (2) 

from  the  path  ordering  method  where  \pK  J  and  ipK  '  denote  the  same  fields 
on  separate  parts  of  the  contour. 

In  addition  to  clarifying  the  relationship  between  the  Matsubara 
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formalism  and  thermofield  dynamics  the  work  of  Matsumoto  et  al ,  on  which 
this  discussion  is  based,  also  shows  that  while  other  choices  of  contour 
in  the  path  ordering  method  may  be  used  to  construct  other  finite 
temperature  quantum  field  theories  of  which  TFD  is  a  special  case,  the 
resultant  Hamiltonian  density  except  in  the  case  of  TFD  is  not  Hermitian 
in  the  usual  sense  and  requires  the  introduction  of  a  metric  operator. 
This  somewhat  unique  property  of  the  TFD  formalism  explains  the  rather 
straightforward  structural  equivalence  of  TFD  with  conventional  zero 
temperature  field  theory  and  hence  why  so  many  devices  of  conventional 
field  theory  may  be  extended  to  finite  temperature  in  a  rather  obvious 
way  by  means  of  TFD. 


« 
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APPENDIX  B 


Thermal  Excitation  of  Magnons  at  Low  Temperature:  An  Example 

In  Section  3.2  we  presented  a  rather  formal  argument  regarding 
the  W-T  identities  generated  by  the  spin  rotational  invariance  and  their 
role  in  determining  the  effect  of  the  thermally  excited  magnons.  From 
this  we  were  able  to  obtain  certain  exact  results  regarding  the  magne¬ 
tisation  and  the  quasi  particle  excitation  spectra  by  means  of  a  low 
temperature  expansion  in  thermo-field  dynamics.  In  this  appendix  we 
wish  to  present  an  explicit  calculation,  in  the  low  temperature  expansion 
of  the  temperature  dependence  of  the  magnetisation  which  arises  from 
the  thermal  excitation  of  the  magnons.  The  purpose  of  this  is  two  fold, 
first  of  all  it  serves  to  demonstrate  the  computational  value  of  the  low 
temperature  expansion,  and  secondly  it  provides  the  basis  for  what  could 

be  an  extremely  useful  approximation  scheme  for  the  analysis  of  spin 

5/2 

fluctuation  effects  in  metals.  The  T  contribution  is  calculated 
expl icitly. 

Following  the  outline  in  Section  (3.2)  the  zero  temperature 

quantities  we  require  are  the  zero  temperature  electron  propagator, 

which  we  calculate  in  the  mean  field  (MF)  approximation,  and  the 

electron-magnon  vertex.  From  the  results  presented  in  Section  (3.2) 

3/2 

we  know,  that  if  we  wish  our  expression  to  have  the  correct  T 
behaviour,  then  we  require  that  the  electron  magnon  vertex  must  be 
calculated  in  such  a  way  that  it  satisfies  Eq.  (3.105)  in  the  case  of 
the  spin  up  electrons  and  Eq.  (3.106)  in  the  case  of  the  spin  down. 

This  in  effect  determines  our  approximation  in  the  calculation  of  the 
electron  magnon  vertex. 

In  order  to  keep  the  discussion  relatively  simple  we  consider 
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the  case  of  the  local  contact  interaction  model,  expressed  by  the 
Lagrangian  given  in  Eqs.  (3.9a,  3.9b  and  3.15b).  Although  we  point 
out  that  the  approach  is  by  no  means  limited  to  such  a  simple  Lagrangian 
The  zero  temperature  electron  Green's  functions,  calculated  in  the  MF. 
approximation  are  given  by 


p0/  N  _  0O(P)  -*V2]  0[-^(P)  +XMq/2] 

Vp)  “  p  -e(p)  +AM  /2+iS  "  pn  -e(p)  +  AM/2  -  i6 


(B. 1  a) 


p0/  x  0[e(p)  +AMq/2]  6[-e(p)  -AMq/2] 

and  Gf(p)  -  _ e(p)  -  XMrt/2  +i6  '  pQ  -  e(p)  -  AMo/2  -  id 


(B. lb) 


o 


o 


where  M  denotes  the  zero  temperature  magnetisation  calculated  self 
consistently  from  the  expression 


"o  ■  - 


(  2tt  )  ‘ 


d4p{G°(p)  -  Gj(p)} 


(B.2) 


The  spin  up  electron  magnon  vertex,  defined  in  Eq.  (3.96),  is  given  by 

•  n 

— ^-4  rfM(p>q;q' >p  +  q  -q')  =  a  G°(p+q) 

(2tt) 

-  A3[l  -  A2Df(q -q1 )D^(q  -  q' )]_1R+(q;q' ) 


+  A4D^(q-  q  1 )  [1  -  A2D*(q  -  q  1  )Dx(q- q  1  )  ]' \(q;q  1 ) 


(B. 3a) 


and  the  spin  down  electron  magnon  vertex,  defined  in  Eq.  (3.98),  is 
given  by 


*  O 

r+M(p;q;q,;p +q "P')  =  x  G?(p-q) 

tt) 

-  A3[l  -A2Df(q  -q')D^(q  -  q 1  ) ]_1  Rf  (q '  ,q  '  ) 

+  A4Df(q  -  q' )[1  -  A2D+(q  -  q' )D^(q  -  q' )]R^(q;q' )  .  (B.3b) 


where 
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of(q) 
o+(q) 
R^(q-i  ;q2) 

^  4,(^1  ’^2^ 


(  2tt)  4 
(2tt)  4 
(  2tt  ) 4 


d4p  G°(p-q/2)G°(p+q/2)  , 

4 

d4p  G°(p-q/2)G+(p+q/2)  , 

4 

d4P  G°(P  -q1)G°(p)G°(p  -q2) 

y 


(2tt)' 


d4p 


G°(p+qi)G°(p)G°(p+q2)  . 


(B. 4a) 
(B.4b) 


(B.4c) 


(B.4d) 


The  expressions  for  the  electron  magnon  vertices  given  by  Eqs.  (B.3a 
and  B.3b)  are  shown  diagramatical ly  in  Fig.  (24). 

The  electron  magnon  vertices,  given  above  are  determined  in  such 
a  way  that  they  satisfy  the  W-T  relations  given  in  Eqs.  (3.105  and  3.106). 
This  is  relatively  straightforward  to  show,  in  the  case  of  F^  we  have 
that 


4  ^tM^P’0’0»P)  A  G^(p) 

(2tt) 

-  a3[i  -x2d+(0)d+(0)]'1{R+(p;0)  -  ad+(o)r+(o;o)}.  (b.g) 


The  terms  R^(0;0)  and  R^(0;0)  are  easily  calculated. 


Rf(0;0) 


(1°  (  r>\ (1°  (  fa0  \ 


(  2tt)  4 

u  r 

y 

1 

i 

\4n  ro 
d  d  G. 

T 

AM 

0 

(  2tt  ) 4  - 

1 

D+(Q)  - 

1 

-  AM0 

(AM0) 

1 

AM 

0 

v°>  +  X 

A  M_ 

t 


d4p[G°(p) 


G°(P>] 


(B.6) 


0 


where  we  have  used  the  result  that 


g°(p)g°(p)  ~  -  TTT  {G°(P)  "  G?(P)}  » 


AM 

o 


4 


(B.  7) 


. 


245 


which  follows  from  the  definition  of  given  in  Eq.  (B.la) 

(Eq.  (B.lb)).  A  similar  result  for  R . (0 ; 0 )  gives 

T 

R+(0;0)  =  xr  V0)  '  ~r~  •  (B-8) 

o  X  M 

o 

Substituting  Eq.  (B.8)  and  Eq.  (B.6)  into  the  result  of  Eq.  (B.5)  we 
obtai n 


— -4  r+n(p;0;0;p)  =  A2G°(p)  +  .  (B.9a) 

(  2tt  )  0 

By  an  entirely  analogous  argument  we  obtain 

A-  r  (p;0;0;p)  =  A2G°(p)  -  (B.9b) 

2tt  0 

Using  the  result  given  by  Eq.  (E.7)  together  with  Eq.  (B.9a)  we 
obtain,  after  some  perfectly  straightforward  algebra 

G°(p)  — J-"4  r^M(p;0;0,p)G°(p)  =  -  ^  (g?(p)  ‘  (B.lOa) 

(2tt)  M 

while  Eq.  (B.7)  together  with  Eq.  (B.9b)  yields  the  corresponding  result 
for  the  spin  down  electron  magnon  vertex. 


G?(P) 


(2tt) 


4  rfM' 


(p;0;0;p)G°(p)  =  ^  {g°(p)  -  g°(p)J 


M 


(B.lOb) 


Thus  confirming  that  the  choice  of  vertices  given  by  Eqs.  (B.3a  and 
B.3b)  do  in  fact  satisfy  the  W-T  identities  given  in  Eqs.  (3.105  and 
3.106),  thus  assuming  that  the  thermal  corrections  to  the  magnetisation 
will  have  the  correct  T  7  contribution.  Thus  we  find  that  the  require¬ 
ments  of  spin  rotational  invariance  as  expressed  through  the  W-T 
identities  severly  restricts  the  possible  approximations  which  may  be 
utilised  in  the  calculation  of  the  electron  magnon  vertex. 


J 


'V' 


246 


Now  from  Eqs.  (3.90  and  3.91)  together  with  Eqs.  (3.97  and  3.99) 
we  obtain  the  following  expressions  for  the  (a  =  1 ;  3=1)  component  of 
the  finite  temperature  electron  propagators,  and  as 


g"(p)  =  G°(p)+G°(p)  773  77 -4  r+H(p.q;q;p)Z°(q)fB(o)°(q)) 


,3+ 
d  a 


(  2tt  )  (2tt) 


q0^B(q) 


G°(p)  +  ••• 

and 

g"(P)  -  G°(p)+G°(p) 


(B.lla) 


_d^L_J_ 
(  2tt)  3  (2tt) 


3  ,  T  r^M(p;q;q,p)ZB(q)fB(a)B(q)) 


q0=ajB(4) 


G°(p)  + 


(B.llb) 


where  we  have  neglected  the  thermal  excitation  of  the  quasi  electrons 
in  order  to  simplify  our  analysis. 

Now  from  Eq.  (B.lla)  and  Eq.  (B.3a)  we  have  that 


MT)  =- 


i  1+  ,4_  011 


(2tt) 


4  d  p  Gf  (p) 


=  nf(T=0)  - 


r  ,3 


d_q_  70 


3 


(2tt) 


1 


f  Rf(q;q)  -  ADf(0)R+(q;q)' 


\  +  6y(T) 

1  -  A£-D,(0)D,(0)  I  ,->x 
f  f  Jq  =ooB(q) 


9n^ 


(T=0) 


+ 


(B. 1 2a) 


and  from  Eq.  (B.llb)  and  Eq.  (B.3b)  we  have  that 


n+(T) 


-1— 4  f+  rf4P  Gj’tp) 

(  2tt  ) 


=  n .  (T=0)  -  A' 

T 


d  q  7o 
(2tt) 


3Z°(q)fB(.°B(q)) 
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'  R^(q;q)  -  D, (0)RA(q;q)  ^ 


4 


T 


1  -X%(0)D+(0) 


+  5y(T) 


VwB(q) 


Sn 

3y 


(T=0) 


(B.12b) 


The  last  terms  appearing  in  Eq.  (B.12a)  and  Eq.  (B.12b)  represents  the 
shift  in  the  chemical  potential  and  is  determined  by  the  requirement 
that  the  total  number  density  n(=  n^(T)  +  n^(T))  remain  independent  of 
temperature. 

To  obtain  the  low  temperature  behaviour  we  expand  the  term  in  the 
curly  brackets  in  powers  of  momenta,  we  therefore  define 


R+(q;q) 


R^(q;q) 


0,  +  \  t 


q0=^(q) 


V“B(q) 


R0)  +  R?2)  lq|2  + 


t 


=  r|1}  +  R<2)|q|2  + 


Zgrt)  =  +  42)lql2  + 


o  B 


and 


oog  -  D  |  q  |  2  +  . . .  . 


(B. 13a) 

(B. 13b) 

(B. 13c) 


Where  D  is  generally  referred  to  as  the  spin  wave  stiffness.  We  thus 
obtai n , 


n+(T)  =  n+(T=0)  - 


A2M„  R^1 ^  -  \D, (O)R^ 1  ^ 

Of  t  f 


,  ^  3/2 

TT 


(2t r)3  1  -A2Dt(0)D^(0) 


D 


,-3/2 


+  . 


r<2)  -ad+(0)r<2) 
rI1*  -XD.(0)rR^ 

t  f  f 


r(2)  ) 

■B 


M 


0 


o  5/2 
3  r  7T  l 

4tt  W  - 


r5/2  +  ...U6u(T) 


3n, 

3y 


(T=0) 

(B. 14a) 


and 

n+(T)  =  n+(T=0) 


X2f1  rR^  -  AD  (O)R^  ^ 
0  f _ f v  '  t 

(2n)3  1  -  A2D+(0)D+(0) 


f  > 

TT 

3/2 

f  3) 

Di 

v  > 

X 

[2J 

,-3/2 
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+ 


f  rJ2)  -ad,(0)r12)  42)) 


r|])  -ADt(0)R+ 


,  “B 

rry  m 


o 


3_ 

4tt 


.  >  5/2 

TT 


3"5/2  +  ...!•  +  <5u(T) 


9n 

9y 


-  (T=0) 
(B. 14b) 


It  remains  therefore  to  calculate  the  coefficients  appearing  in 
the  expansion  in  Eqs.  (B.l3a,  B .  1 3b  and  B.l3c).  While  this  is  perfectly 
straightforward  it  is  nevertheless  somewhat  tedious.  However  a  number 
of  simplifications  may  be  realised  if  we  define 


.  AM 

eF  =  yo  1  ~Y~  5 


(B. 1 5) 


where  yQ  is  the  zero  temperature  chemical  potential.  Then  by  means  of 
the  relations 


9c 


3  G°(p)  =  -G°(p)G°(p) 


+  f 


(B. 16a) 


and 


At  g>) 


9Cr 


-G°(p)  G°(p) 


9c 


h  G°(P)  =  G°(p)  =  o  . 


9e, 


(B. 1Gb) 


(B. 16c) 


we  obtain  the  following  result  for  R^(q;q) 


Rf(q;q)  =  - 


9e, 


+ 


D(q) 


and  similarly  for  R  (q;q). 


R+(q;q) - D(q)  . 


9e, 


where  D(q)  is  given  by 


(B. 1 7a) 


(B. 17b) 


D(q) - “  /T  fd4p  G°(p-q/2)G°(p+q/2) 


(2tt) 


(B. 1 8) 


/ 


'v 


\ 
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Equations  (B.16a  and  B.16b)  also  allow  us  to  write 


V°) 


3e 


3  /  +  \ 

—  n(£p) 


and 


0+(0) 


3g 


_  n  (e  p )  > 


where 


n(ep)  =  - 4  {+  d4p  G°(p) 

F  (2tt)4  >  + 


and 


n  ( £p ) 


-±i  f.  **»  <i-> 


Now 


-4  <f+  d4p  G°(p)  . 

(27 r)4  J 


r  _,3-> 


^0[£r  e(p)] 


(2tt) 


3  UL°F  - 


and 


,3-> 


-4<:+  d4p  G?(p)  =  I  -dLt>  e[eZ-e(p)], 

(2tt)4  J  4  J  ( 2tt) 3  F 


where  we  have  defined  e  =  e  +y.  Thus 


D+(0) 


,3± 


6[et -S(p)] 

(2-ir)3  F 


N(£p) 


and 


D+(0) 


d3p 

(2tt) 


3  d(£F  -  e(p) ) 


N(e’) 


(B. 1 9a) 


(B.19b) 


(E. 20a) 


(B. 20b) 


(B. 21a) 


(B. 21 b) 


(B. 22a) 


(B. 22b) 


where  N(e)  denotes  the  density  of  states  at  energy  e. 

The  expression  for  D(q)  may  be  computed,  in  a  low  momentum 
expansion,  by  means  of  the  finite  momentum  generalisation  of  Eq.  (B.7). 
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G°(p-q/2)_1  -  G°(p  +q/2)_  1  =  e+  -  e‘  -  qQ  -e(p  -  q/2)  +  g(p +q/2) 


,-l  + 


+ 


=  £p  -  £p  -  qQ+  q  •  V^e(p)  +  . 

P 
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1 


4  '  £F  '  % 
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q  •  V  e(p) 
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£F  '  £F  'qo 


(B. 23) 
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2  1  t 
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+ 

£r-  -  £c  -  q 
F  F 
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Thus  if  we  define  the  following  band  parameters 
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together  with  their  derivatives. 
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(2ir)3  P  p  F 


then  we  obtain  the  following  expression  for  D,  and 
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n(ep)  -  n(Ep)  a(ep)  -  (ep) 
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(B. 25 ) 


(B. 26a ) 

(B . 26b ) 


(B. 27a) 


(B. 27b) 


-  >  r  > 
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+, 
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(B. 28) 
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(B. 29a) 


If  we  now  consider  the  quantities  RA  and  R,  on  shell,  that  is  for 

T  T 


(B. 29b) 


' 


253 


q0=^(q)  and  expanding  Wg(q)  in  low  momentum  as  given  by  Eq.  (B.13c), 
we  can  expand  Eqs.  (B.29a  and  B . 29 b )  and  thus  obtain  an  expression  for 
the  coefficients  defined  by  the  expansion  in  Eqs.  (B.13a  and  B.13b). 


We  thus  obtain  the  following  results. 
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( B. 30d) 
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Now,  since  Cp  and  Cp  are  determined  in  such  a  way  that 


I 
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+  - 

£r  "  Er  =  AM 
r  F  o 


A{n(£p)  - n(£p)} 


then  the  coefficients  and  simplify  somewhat  to  give 
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(B. 31 ) 


(B. 32a) 


(B. 32b) 


which  of  course  is  simply  the  result  given  by  Eqs.  (B.6  and  B.8) 
together  with  Eqs.  (B.22a  and  B.22b). 

We  thus  find,  as  expected,  that  the  terms  in  the  low  temperature 
expansion  simplify  somewhat.  From  Eq.  (B.32a)  and  Eq.  (B.32b)  we 


obtain  that 
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(B. 33b) 


Hence  the  expansion  given  by  Eqs.  (B.14a  and  B.14b)  simplify  somewhat 
to  give 
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(B. 34a) 


and 


(  fl(  3)M-  jfl)  (  ,  •_  r  ,  S\t,  I  f  f 
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n  i  (T)  =  n(eZ)  +  —L 
+  F  (2tt) 
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(B. 34b) 


From  the  results  contained  in  Eqs.  (B.34a  and  B.34b)  we  obtain, 
from  the  condition  that 
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(B. 35) 


the  result  that 
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-3/2 

We  note  that  this  expression  does  not  contain  any  B  contribution, 
as  expected  in  the  light  of  the  discussion  in  Section  (3.2).  The 
resultant  expression  for  the  magnetisation  is  therefore  given  by 
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3/2 

From  the  result  contained  in  Eq.  (B.37)  we  obtain  the  Bloch  T 
term  in  the  magnetisation,  explicitly.  This  of  course  is  due  to  the  fact 
that  our  approximation  for  the  electron  magnon  vertex  was  chosen  in 
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such  a  fashion  that  the  W-T  identities  Eqs.  (3.105  and  3.106)  were 
satisfied.  The  analysis  presented  in  this  section  serves  therefore  to 
demonstrate  in  an  explicit  manner  within  the  context  of  a  particular 
model  the  argument  regarding  the  role  of  symmetry  in  determing  the 
temperature  dependence  of  various  physical  quantities  such  as  the 
magnetisation.  It  also  serves,  perhaps,  as  a  useful  basis  for  the 
analysis  of  magnon  effects  in  metals. 


APPENDIX  C 


The  Electron  Self  Energy 

In  this  appendix  we  discuss  the  derivation  of  the  electron  self 
energy  given  by  Eq.  (4.37).  The  derivation  is  in  terms  of  the  TFD 
formalism  outlined  in  Chapter  (2.1).  From  Eq.  (4.8)  we  obtain  the 
equation  for  the  thermal  doublet  field  <j)a,  Eq.  (2.29), 

{i-|jr  -  c(iV)x3  +  Aqt-1  +  ya3}(j)a  =  I {?P  -  <S>} •o:4>a  -  p3{eP  -  <3>} *a<j)a.  (C.l) 

From  Eq.  (C.l)  we  obtain  the  following  expression  for  the  electron  pro¬ 
pagator  <3AT{<j)a(x)/(y)+}  |  3> 

{ift  "  e('iv)T3  +  Vi  +  ua3}<3|T(4a(x)/(y)t}|6> 

=  i6a66(x-y)  +Ia.<6|T{(M?(x)  -  <Mi  ( x )  > )  4>“(  x )  <)>B  (y ) + |  8>  •  (C.2) 


where  we  have  neglected  the  contribution  from  the  B  field.  In  the 
lowest  order  of  perturbation  we  have  that 


< 


B[T{(MT!x)  -  <Mi(x)>)<(>a(x)4,6(y)+}|6> 


^  -i  I 


d4z<3|T{E^a(z)ipa(z)+aij;(z)a(MT(x)  -  <Mi  (x)>)cj)a(x)/(y ) 1 }  |  3>  . 


=  -il 


d4z  E  <3|T{Ma(x)  -<Mi(x)>)(MT(z)  -  <M. (z)>) } | 3> 


< 


B|T{0ot(x)4>aCz)+}|6>oi<BlT{<f>a(z)4>B(y)T}  |8> 


(C.3) 


A  4. 

where  we  have  used  the  relation  ip‘a\p  =  ipTa\p  . 

c  c 

If  we  now  define  the  momentum  Green's  functions  as 


ta,..\ ,  3/..\+i  i  _  i 


:B | T { ( x ) 4>P (y )  }| 8>  = 


( 2ir )' 


d4p  e-ip(x-y)Sa6(p) 


(C.4) 


and 
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< 


B|T{(H“(x)  -  <M -  ( x ) >  )(M?(y)  -  <M.(y)>)}  |S> - 

1  1  J  J  (2tt  y 


ld\  e-lk(x-y)  xa6(k) 


(C.5) 


with  p«x  =  p-x  -  p  t  ,  then  Eq.  (C.2)  together  with  Eq.  (C.3)  yields 

0  X 


s'^p)"6  =  (P0-e(P)T3+Vl)SaB 


_ui 

(2tt)' 


d4k  E  x^(k)ais^3(p-k)aJ  • 


kiJ 


(C.6) 


Now  using  the  definitions  of  the  spectral  functions  provided  in 
Eqs.  (4.38  and  4.41)  we  have  that 


Sa8(p)  = 
and 

x“>)  - 


-1..+, 


(v;p)Up(po) {pQ  -  u  +i6x}"  UF(p0) 


p.j.(wkTuB(ko)T{ko  -  a)  +  i5T}_1UB(ko) 


(C.7) 


(C.8) 


Then  we  obtain  from  Eq.  (C.6)  together  with  the  definition  of  the  self 
energy  given  by 


S_1  (p)“6  =  (po-e(p)+Ax1  +U03)6a6  -z“B(p) 


(C.9) 


the  following  result  for  ZaB(p). 

za6(p)  =  -4  [A  X??(k>c1So8(p-k)o1 

(2tt)4  J  1J  1  J 


-1 


d  k  p(k;p){UF(k)[po  -  k  +  i'6t]‘  Up( k) } 


a6 


(C.10) 


with 

p(k;p)  = 


(2tt) 


.3. 

d  k  . 


dw  dv  p .  •  (w;l<)a.4 (v;p-l<)a .6(k-w-v) 


eSk  +  1 


ij  '"’"''T ' '  'r  "'-j- ' . '  /^3w  t  \  „ 6w 


(ep  -  1 )ep  + 1 ) 

(C.ll) 


If  we  now  define  the  matrices  S(p)  and  E(p)  as 


sae(p)  =  CuF(p0)s(P)Up(po)] 


t, 


aB 


(C.12) 


it 
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and 

EaS(p)  =  [uF(po)s(p)uF(po)]a6, 


(C.13) 


then  we  can  easily  show  that  S(p)  and  E(p)  are  diagonal  with  respect  to 
the  thermal  indices  with  the  upper  component  given  by  the  retarded 
function  and  the  lower  component  given  by  the  advanced  function.  We 
thus  obtain  the  desired  result  contained  in  Eq.  (4.37) 


S  (p)  =  pQ  -  c(p)t3  +  Aqt-|  +  ya3  -  Z(p) 


(C. 1 4) 


with 

Z(p) 


(2tt) 


die 


dw 


8  ( v+w)  ,  , 

/  7^\  /  \  0  "f"  ! 

dv  p.,(w;k)a,Mv;p-k)a,  — p- - - 

1J  1  J  (eew-l)(e3v+l)  po-w-v  +  ic 


(C. 1 5) 


APPENDIX  D 


Spin  Fluctuations  and  the  Surface  Impedance 
in  Magnetic  Superconductors 

In  the  analysis  of  the  magnetic  properties  of  ErRh^B^  presented 
in  Chapter  4,  we  found  that  nearly  all  of  the  observed  phenomena  arose 
largely  from  the  Zeeman  splitting  of  the  electron  spins  by  the  mean 
field  created  by  the  magnetic  ions  through  the  d-f  interaction.  The 
results  therefore  seemed  to  indicate  that  it  would  be  difficult  to  draw 
any  quantitative  conclusions  regarding  the  nature  of  the  spin  fluctua¬ 
tions  solely  from  the  magnetisation  measurements.  Instead  it  was  shown 
how  the  effect  of  the  spin  fluctuations  could  be  more  readily  observed 
by  means  of  the  various  Meissner  state  quantities  such  as  the  supercon¬ 
ducting  gap,  the  condensation  energy  and  the  London  penetration  depth. 
This  is  clearly  seen  from  the  graphs  presented  in  Figs.  (4,5  and  6)  and 

is  confirmed  by  recent  estimates  of  the  condensation  energy  obtained 

n  221 

from  the  single  crystal  magnetisation  curves'-  J. 

In  this  appendix  we  consider  how  the  spin  fluctuations  affect 
the  electromagnetic  fields  generated  at  the  surface  of  a  magnetic  super¬ 
conductor  in  the  Meissner  state.  We  begin  with  a  brief  discussion  of 
the  surface  impedance  and  show  to  what  extent  it  may  be  used  to  charac¬ 
terise  surface  phenomena  in  metals.  We  then  go  on  to  show  how  the 
resonant  frequency  in  a  microwave  cavity  is  affected  by  changes  in  the 
surface  impedance,  thus  providing  us  with  an  excellent  means  whereby  it 
can  be  measured.  Finally  we  present  the  results  of  some  calculations 
of  the  effective  penetration  depth,  defined  in  terms  of  the  surface 
impedance,  for  the  case  of  ErRh^B,  together  with  the  results  of  some 
recent  measurements^ 
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The  results  of  the  calculation  together  with  the  experimental 
results  are  interesting  in  that  not  only  do  they  clearly  show  the  effect 
of  the  spin  fluctuations  but  they  also  suggest  that  the  surface  impedance 
measurements  could  be  useful  in  confirming  the  existence  of  the  predicted 
surface  magnetisation  states^^’^-L 

We  begin  by  defining  the  surface  impedance  on  a  surface  S  as  the 
two-dimensional  dyadic 

n»f  =  -  n(n-H)}  (D.l) 

where  n  denotes  the  unit  vector  normal  to  the  surface  and  E  and  H  the 
corresponding  values  of  the  macroscopic  electric  and  magnetic  fields 
respectively.  The  physical  importance  of  the  surface  impedance  Zs» 
defined  by  Eq.  (D.l),  depends  on  the  fact  that  it  is  continuous  across 
any  surface  Hence  the  electromagnetic  fields  on  either  side  of 

a  surface  S  are  related  solely  through  the  boundary  condition  expressed 
by  Eq.  (D.l).  This  is  of  considerable  importance  when  one  wishes  to 
consider,  for  example,  various  surface  phenomena  in  either  normal  or 
superconducting  metals,  since  it  allows  one  to  characterise  the  electro¬ 
magnetic  behaviour  in  the  region  close  to  surface  entirely  in  terms  of 
the  surface  impedance  Zs- 

In  order  to  make  our  considerations  somewhat  more  specific,  we 
consider  how  the  surface  currents  generated  in  the  walls  of  a  microwave 
cavity  affect  the  electromagnetic  characteristics  of  that  cavity. 

Assuming  the  time  dependence  of  the  fields  to  be  sinusoidal  we 
can  write 

?(x;t)  =  ?Cx)e_itot 

ff(x;t)  =  B(x)e'iut 


5 


(D.2a) 
(D. 2b) 


*S  - 


'  -  . 


i  5 '•  •  ■  ■ 

N 


. 
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and 


iT(x;t)  =  H(x;t) , 


(D. 2c) 


then  Maxwells  equations  inside  the  cavity  are  given  by 


V  a  t  =  , 

c 


(D. 3a) 


V  A  I  =  -  , 

c 


(D. 3b) 


V  •  6  =  V  •  t  =  0 


(D. 3c) 


and 


(D. 3d) 


Equations  (D.3a  and  D.3b)  may  be  combined  to  give 


(D.4) 


Equation  (D.4)  together  with  Eqs.  (D.3b  and  D.3c)  and  the  boundary  con¬ 
dition,  expressed  in  terms  of  the  surface  impedance  Z  and  given  by  Eq. 
(D.l)  provide  us  with  an  eigenvalue  equation  for  the  frequency  w.  The 
solutions  to  the  eigenvalue  problem  determine  the  resonant  modes  of  the 
cavity.  What  we  wish  to  do  is  to  determine  how  the  various  eigenvalues 
are  affected  by  the  finite  value  of  Zs.  This  is  best  achieved  by  com¬ 
paring  the  eigenvalue  solution  obtained  from  the  boundary  condition 
expressed  in  Eq.  (D.l),  with  those  of  an  ideal  cavity  whose  eigenvalues 
are  determined  from  the  boundary  conditions, 


(D. 5a) 


and 


n  •  tQ  =  0  ,  (D. 5b) 

on  S.  Where  f  and  coQ  correspond  to  the  solutions  of  the  eigenvalue 


problem  in  the  case  of  an  ideal  conduction. 

In  order  to  determine  the  shift  in  frequency  induced  by  the  finite 


- 
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value  of  Zs  we  make  use  of  the  vector  generalisation  of  Green's  first 
identity^148] 


d3x{lyV2  F2  -  F2-V2F1}  =  |  dA{P1V-F2  - 

* 

-  o  dA{^-|  •  (n  a  v  A  F2)  -  V  a ( n  a ^2 ) } 

Thus  we  obtain 

d3x{f-V2  !0  -  ?0  •  V2t}  =  dA{  (n  xt)  .  v  a  EQ  -  V  xt- (n  xfj}, 


(D.6) 


103 


=  -  1  -f-  <>  dA(n  xt)-5o  , 


(D.7) 


where  Eqs.  (D.3a,  D.3c  and  D.5a)  were  used  together  with  Eq.  (D.6). 

From  the  definition  of  the  surface  impedance  given  in  Eq.  (D.l)  together 
with  Eq.  (D.4)  we  obtain  the  following  equation  for  the  resonant  fre¬ 
quency  co. 

i03_ 


r  2 

03  1 

0) 

0 

2  " 

2 

Lc 

c 

> 

'0  4tt 


's  0 


f  2  2x 

Coo  -03Q)  - 


2 

-  i  03  c  /  4tt  ( 
0 

>  dA  t-T  -B 

1  so 

d3x  t-t 

0 

(D.8) 


(D.9) 


In  cases  where  Z$  is  both  diagonal  and  constant  over  the  surface  S  this 


simplifies  to  give 


r\  r\  1  03  C 

2  _  2  0 

03  =  03  -  —n - L „ 

0  4tt  S 


o  C 

2  0 


OdA  t-t 


0 


d3x  i-i 


(D.10) 


-  03  _  - 


0  4tt 


|dA|B0| 

2 

d3x 

y 

Eo 

|  2 

(D.n) 


where  we  have  neglected  higher  order  corrections  in  Z which  we  assume 
to  be  smal 1 . 

The  reason  for  including  such  a  detailed  analysis  is  twofold. 
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Firstly  measurements  regarding  the  shift  in  the  resonant  frequency  of  a 
microwave  cavity  as  a  function  of  temperature  have  been  made  in  a 
cavity  with  superconducting  "walls",  this  analysis  shows  that  the 
measured  quantity  is  in  fact  the  surface  impedance  defined  by  Eq.  (D.l) 
at  the  cavity/wall  interface.  Secondly  it  serves  to  emphasise  the 
fact  that  the  fundamental  quantity  that  can  be  measured,  by  means  of 
electromagnetic  radiation  is  the  surface  impedance.  This  is  important 
since  it  provides  us  with  a  precise  definition  of  the  penetration  depth 
in  conducting  surfaces,  based  on  a  mathematically  well  defined,  experi¬ 
mentally  accessible  quantity,  the  surface  impedance. 

In  order  to  see  how  the  surface  impedance  may  be  used  to  define 
the  effective  penetration  depth  we  consider  the  geometry  shown  in  Fig. 
(23),  and  if  we  assume  that  the  system  is  isotropic  then  we  write  the 
fields  for  z > 0  (i.e.  inside  the  metal)  as 


(D.l 2a) 


(D.l 2b) 


(D. 1 2c) 


and 


M(x;t)  =  M(a);z)e"icot  y  . 


(D.l 2d) 


Now  Maxwell's  equations  in  the  metal  are  given  by 


(D. 1 3a) 


(D. 1 3b) 


and 


S  =  +  4tt^ 


(D. 1 3c) 


r  -V  ■  ' 
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where  we  have  neglected  the  effect  of  the  displacement  current. 
From  Eq.  (D.13b)  together  with  Eqs.  (D.12a  and  D.12c)  we  obtain 


d  /  \  i  Co  I  /  \ 

e(oo;z)  =  —  b(oo;z) 


( D .  1 4 ) 


and  hence 


/  n+x  ioo 

e(w;0  )  =  — 


b(oo;z)dz 


(D. 1 5) 


0 


+ 


[The  notation  z  =  0  means  that  z  is  taken  to  be  positive  yet  infinites¬ 
imally  close  to  the  surface  z  =  0.]  From  our  definition  of  Z$  given  by 
Eq.  (D.l)  we  obtain  the  following  result  for  the  value  of  the  surface 
impedance  Z$  on  the  surface  z  =  0+. 


-7  f  \  _  4tt  e(oo;0)  _  •  4ttoo 
zs(a3)  '  r  h^ToT  '  '  1  ~2 


dz  b(co;z)/h(oo;0) 


(D. 1 6) 


0 


The  expression  for  the  surface  impedance  given  by  Eq.  (D.16)  suggests 
the  following  definition  for  the  effective  penetration  depth. 


A(co)  =  Re 


dz  b(oo;z)/h(co;0) 


(D. 1 7 ) 


Since  Z$  is  continuous  across  the  interface  the  resonant  frequency  of 
the  cavity  may  be  obtained  from  Eq.  (D.16)  together  with  Eq.  (D.ll) 


A(oo  ) 


O) 


=  “of1  -  LT§  +  Ot^/L2)}  , 


(D. 18) 


where  we  have  defined  the  L(w  )  as 


L  = 


fd3x|E  |2 
1  0  1 


odAlB. 


(D.19) 


Obviously  L  depends  only  on  the  geometry  of  the  cavity  and  in  particular 
mode  that  is  being  excited. 


' 
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We  briefly  note  that  the  definition  of  X  given  by  Eq.  (D.17) 
differs  somewhat  from  that  contained  in  the  earlier  work  of  Kotani 
et  al .  1-111  49] ^  however  as  we  demonstrated  the  definition  given 

in  Eq.  (D.17)  is  an  experimentally  accessible  quantity,  as  shown  by  the 
result  of  Eq.  (D.18). 

We  now  turn  our  attention  to  the  calculation  of  the  A(oo)  in  the 
case  of  magnetic  superconductors.  We  simplify  the  analysis  somewhat 
and  assume  first  of  all  that  ft  and  ft  are  related  linearly  as 

ft  =  x(u>;-lV)ft,  (D.  20) 

furthermore  if  we  restrict  our  considerations  to  the  paramagnetic  domain, 
then  the  susceptibility  may  be  assumed  to  have  the  hydrodynamical  form 

x(a;E)  =  X(£)  — LI'-('kjr-  (D.21) 

co  +  i  r  ( k ) 

where  x(^)  is  the  static  susceptibility  given  by 

X(0  =  - 5 - o  ■  (D.22) 

T-T  +Dk 
m 

Where,  as  in  Chapter  4,  C  denotes  the  Curie  constant,  T  the  Curie  con¬ 
stant  of  the  normal  phase,  D  the  stiffness  constant  and  r(k)  the  decay 
width  (i.e.  the  inverse  of  the  spin  relaxation  time),  which  it  is 
assumed  may  be  written  as 

r(t)'1  =  tx(£)  .  (D. 23) 

The  superconducting  current  ft(co;k)  may  be  computed  in  the  linear 
approximation  as 

- \ - +  a(T)}X(co;k) 

4ttX^(T)  C 


j(co;ft)  =  {- 


(D. 24) 
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where  A  is  the  vector  potential  for  the  magnetic  induction  field  A 
(i.e.  A  =  VaA).  The  expression  for  the  current  given  in  Eg.  (D.24) 


differs  from  that  used  in  Chapter  4  Eq.  (4.21)  in  a  number  of  ways; 
first  of  all  we  have  simplified  the  expression  by  taking  the  London 
limit,  C(-iV)^l,  secondly  we  have  included  the  low  frequency  part  of 
the  continuum  contribution  to  the  photon  self  energy  which  we  have  para- 
meterised  in  terms  of  the  constant  a.  This  term  is  included  in  order 
to  allow  us  to  treat  the  region  in  the  vicinity  of  Tc  in  a  realistic 
manner.  Finally  we  note  that,  since  we  are  considering  the  Meisner 
state,  f(x)  =  0. 

We  simplify  the  analysis  somewhat  further  by  assuming  pair  break¬ 
ing  effects,  induced  through  the  d-f  interaction,  are  negligible  and 
that  X^(T)  may  be  computed  using  the  standard  BCS  formula.  By  means 
of  constitutive  Eqs.  (D.24  and  D.20)  together  with  the  Maxwell  equations 
Eqs.  (D.13a,  D.13b  and  D. 1 3c )  we  obtain  the  following  expression  for 
magnetic  field. 


?  h(oa;z)  =  -  {A'2  -  i d”2} [1  +4ttx  {u>;  -  i  ^-}]h(to;z) , 


(D. 25) 


where  6  =  c/4ttux7. 

Equation  (D.25)  may  be  solved  subject  to  the  boundary  conditions 

that 


lim  h(to;z)  .=  0, 

2 -xx) 


(D. 26a) 


1  im  h(w;z)  =  h  (co) . 
z->0  0 


(D. 26b) 


and 


(D. 26c) 
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to  give 


h(co;z)  =  A  exp{-  ^y-^}+  A_  exp{- 


a  -  z- 


X 


X 


( D .  2  7 ) 


The  term  a+,  appearing  in  the  exponent,  are  determined  from  the 
roots  of  the  equation. 


2  /  2  l 

a+  =  {e  -  dq  -  icy  ±  /(e  -  dp  -  icy)  -  4cdn } 


2d 


(D. 28) 


o  2  2 

where  n  is  defined  by  n  =  1  -iX^/6  and  y=oot/4tt,  while  d  =  D/TmX^, 

e  =  T/Tm  -  1  and  c=4Trc/Tm,  in  a  manner  similar  to  the  definitions  pre¬ 
sented  in  Chapter  4.  The  constants  A^  are  determined  in  terms  of  hQ(oo) 
and  the  parameter  y.  It  is  obvious  from  the  boundary  conditions  that 
the  root  of  a+  computed  from  Eq.  (D.28)  should  have  a  positive  real 
part.  Since  b(oo;z)  =  [1  +  4ttx (co;-i 3z) ]h (co;z)  and  1  +  4irx(oo;-ia+/X^(T) )  = 
a+/n  which  follows  from  Eq.  (D.25),  we  obtain  after  some  straightforward 


manipulation  the  result 

x(oo)  =  Re 


Xl(T)  a+a_ ( a+  +a_  +yXL(T)  +qyXL(T) 


n 


2  2 

a+  +  a+a_  +  a  +  yA^  (T )  ( a+  +  a  )  -  n. 


(D. 29) 


The  result  for  the  normal  state  may  be  obtained  from  Eq.  (D.29)  by 
taking  the  limit  X^- 


-XX3 


Near  T  ,  X^(T)  is  large  and  therefore  the  momentum  dependence  of 
x(oj;1<)  is  negligible  and  may  be  approximated  by  the  static  susceptibility 
x(T)  =  C/(T-T  ).  In  this  case  Eq.  (D.25)  shows  that  the  behaviour  of 
h(oo;z)  may  be  obtained  from  the  result  of  the  non-magnetic  case  by 
means  of  the  simple  scaling  rule:  X^(T)  ->  X^(T)//1  +4ttx  and  6  ->  6//I  +  4ttx. 
Because  b  =  (1  +  4Trx)h,  X(co)  is  given  by 


X(oj)  =  /I  +4ttX(T)  Re(l/  /  X[2(T)  -  id"2)  . 


(D. 30) 
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In  particular  we  have  X(oj)  -  /I  +  4ttx(T)  (<5//2)  for  T  >  T^  ,  and 

X(oj)  -  /I  +  4ttx(T)  X^ (T )  for  T  <  T^  with  A^  <<  6.  This  shows  that  the 

character!’ stic  length  A(w)  obtained  from  the  impedance  may  increase 

1  /  2 

with  decreasing  temperature  owing  to  the  factor  [1  +  4ttx(T)] 

When  the  temperature  is  lowered,  the  frequency  and  momentum 

dependence  of  the  susceptibility  x(w>k)  becomes  important  and  induces 

a  shift  of  the  magnetic  transition  temperature.  To  understand  this  let 

us  note  that,  for  co  =  y  =  0,  the  roots  a+  given  by  Eq.  (D.28)  have 

positive  real  parts  only  for  T  >  T  ,  where  T  =  T  (1  +  d  -  2/dc),  with 
r  J  p  p  nr  '  ’ 

2 

d  =  D/T^A^O),  denotes  the  critical  temperature  for  the  onset  of  the 
spin  periodic  phase.  However,  A(co)  at  co  =  y  =  0  diverges  at  T  =  T$  = 
Tm(l  +(l/2)d  -  /dc  +(l/4)d2)  >  T  ,  signifying  the  onset  of  spontaneous 
surface  magnetization; 


A(0)  ^ 


T 


m 


,1/4 


1 


T+T  T-T  2/2  /d“+4c 

s  s 


/d  +4c  -  1 


x  (/d  +  /d  +  4c J 


1/2 


(D. 31 ) 


At  finite  frequency,  however,  the  critical  behaviour  at  T$  is  smeared 
out  due  to  the  effects  of  the  skin  depth  6  and  the  relaxation  rate 
Tl  4^; 

In  Fig.  (24)  we  present  the  theoretical  values  for  the  inverse 

of  the  penetration  depth  A (to)  (solid  curve)  calculated  by  means  of 

Eq.  (D.29)  for  ErRh^B^  together  with  the  experimental  values  (circles) 

obtained  from  recent  measurements^'*^  calculated  from  the  observed 

shift  in  the  resonant  frequency  of  a  cavity.  The  parameters  used  in 

the  calculation  differ  slightly  from  those  presented  in  Tables  (1,2) 

here  T  ,  =8.7°K,  T  = 1 . 0°K  T  =  0.85°K  and  d(=  D/T  A.  (T=0))  =  0.2529 
cl  m  p  v  m  L x  ' ' 


x  10 


-2 


The  values  for  7.^(0)  and  6/A^(0)  are  determined  in  such  a 

-1 


way  that  the  maximum  value  of  A  agrees  with  the  maximum  experimental 
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value  (^m^x  =  7.7  y  and  X  ^ (T  =  T  )  is  equal  to  the  experimental  value 
0.149  y  \  This  gives  a  value  of  A^(T  =0)  = 908A  and  a  ratio  6/AL(T  =0) 

=  91.8.  In  spite  of  the  discrepancy  around  T  ^  due  to  the  finite  value 
of  the  frequency  9.3  GHz  (^0.4°K),  the  agreement  between  theory  and 
experiment  is  satisfactory.  Furthermore  it  is  worth  noting  that  the 

o 

value  of  A^ ( 0 )  =  908A  is  very  close  to  the  value  obtained  in  Chapter  4, 
Page  from  the  analysis  of  the  magnetic  properties  of  single  crystal 

O 

ErRh^B^  (A^q  =  825A).  For  comparison  we  also  present  the  result  of  the 
static  limit  (dash  dotted  curve)  calculated  by  the  method  described  in 
Refs.  [150]  and  [149]  using  a  non-local  kernel  toegether  with  the  para¬ 
meters  kd  =4,  d  =0.4254  x  10-^  and  A,  (0)  =  749A.  The  dashed  curve  is 
the  BCS  A^(T)  with  the  parameter  choice  A^(0)  =  1184A.  We  note  that 
the  effect  of  the  spin  fluctuations,  as  evidenced  by  the  departure  of 
the  data  from  the  BCS  fitting,  is  quite  pronounced  in  particular  at  low 
temperatures .  The  analysis  suggests  that,  if  T  were  to  be  further 
decreased,  surface  ferromagnetic  effects  would  show  up. 

In  Fig.  (25)  the  experimental  data  of  A  ^  (go)  for  ErQ  ^Ho^  ^Rh^B^ 


-1 


th 


presented  (circles)  together  with  the  BCS  A^  (T)  (dashed  curve)  wi 
the  parameter  choice  A  (o)  =  1186A.  The  experimental  A  (to)  shows  a 
mild  deviation  from  the  BCS  result  above  T  £  and  jumps  disconti nuously 
to  its  normal  value  at  T  =  T  £,  indicating  that  there  is  no  additional 
magnetic  transition  above  T ^  (i.e.  T$  <  T^).  This  is  consistent  with 


the  neutron  data 


[151] 


for  Ern  -Hon  cRh-B.,  in  which  a  clear  first  order 
U .  4  U  .  o  4  4 


mean-fiel d-type  magnetic  transition  at  T ^  is  observed  without  showing 
any  effect  of  spin  fluctuation.  This  pseudo-ternary  has  a  rather 

i 

complicated  spin-spin  interaction  because  of  the  difference  in  the 

easy  axes  associated  with  the  Er  and  Ho  spins.  Assuming  that  the  value 
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of  T  may  be  obtained  from  the  extrapolation  of  the  decrease  of  T  with 
increasing  x  in  the  pseudo- ternary  Ho ^  ^Er^Rh^B^  and  that  the  Curie 
constant  C  is  given  by  the  mean  value  of  the  value  obtained  in  the  Er 
and  Ho  case  =  2.57K),  the  theory  (solid  curve)  yields  d  =  1.0 

and  y  =  0.5,  which  are  fairly  large  (this  choice  of  d  means  that  Ts 
is  well  below  T^).  for  comparison,  the  theoretical  curve  for  y=0 
(i.e. _  oj  =  0 )  is  also  presented,  and  shows  a  small  decrease  at  lower 
temperature  due  to  the  fluctuation  effect.  Therefore  the  present 
analysis  suggests  that  the  apparent  suppression  of  the  spin  fluctuations 
in  the  superconducting  state  is  due  to  T$  <<  1  ^  and  also  to  the  effect 
of  spin  relaxation  time. 

To  summarise  we  began  this  section  with  a  brief  discussion  on 
the  definition  of  the  surface  impedance  in  electrodynamics.  In  par¬ 
ticular  it  was  shown  how,  in  a  very  general  way,  the  electromagnetic 
properties  of  a  resonant  cavity  could  be  determined  from  a  knowledge 
of  the  surface  impedance  at  the  cavity  walls,  together  with  Maxwells 
equations.  An  explicit  expression  was  given  for  the  change  in  the 
resonant  frequency  of  the  cavity  induced  by  the  finite  value  of  Z  . 

Having  established  the  experimental  importance  of  the  surface 
impedance  we  then  went  on  to  show  how  it  may  be  used  to  define  in  an 
entirely  unambiguous  fashion  the  penetration  depth  for  a  conducting 
half  space  Fig.  (23).  An  explicit  expression  for  the  penetration  depth 
was  obtained  for  the  case  of  a  magnetic  superconductor  and  examined 
for  various  limiting  cases.  In  particular  it  was  shown,  in  the  case 
of  ErRh^B^,  how  the  penetration  depth  clearly  manifests  the  effect  of 
the  critical  fluctuations  in  the  surface  magnetisation  around  T A 
comparison  of  the  analytical  results  with  recent  experimental  measure- 
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ments  on  polycrystalline  ErRh^B^  is  satisfactory  suggesting  that  if  the 
temperature  range  of  the  measurements  were  to  be  extended  the  surface 
ferromagnetic  effect  would  show  up. 


' 
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